SMASH PRODUCTS FOR SECONDARY HOMOTOPY GROUPS 



o 
o 

(N 

-(— > 
o 

O 



HANS-JOACHIM BAUES AND FERNANDO MURO 



Abstract. We construct a smash product operation on secondary homotopy 
groups yielding the structure of a lax symmetric monoidal functor. Applica- 
tions on cup-one products, Toda brackets and Whitehead products are con- 
sidered. 
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2 hans-joachim baues and fernando muro 

Introduction 

The classical homotopy groups 7r„X, n > 0, of a pointed space X give rise 
to a graded abelian group n*X obtained by additivization in low dimensions. In 
particular n„X = 7r„X for n> 2, T\iX = {'KiX)ab is the abelianized fundamental 
group, and TIqX = ZIttqX] is the free abelian group on the pointed set of path 
components of X. The smash product on homotopy groups induces a natural 
homomorphism of graded abelian groups 

(1) n^x (g)ii^Y ^n^{x AY), 

which carries f ®g with / : 5" ^ X and 5 : 5'" -> F to / A 5 : 5'"+'" -^ X AY. 
This shows that 11, is a lax symmetric monoidal functor from pointed spaces to 
graded abelian groups. 

The smash product (1) can be used for example to define the Whitehead product 
on homotopy groups, compare Sectional 

The purpose of this paper is to generalize these properties of primary homotopy 
groups on the level of secondary homotopy theory. 

Secondary homotopy operations like Toda brackets |Tod62| or cup-one products 
|B.1M83| . |HM93| . are defined by pasting tracks, where tracks are homotopy classes 
of homotopies. Since secondary homotopy operations play a crucial role in homo- 
topy theory it is of importance to develop the algebraic theory of tracks. We do 
this by introducing secondary homotopy groups of a pointed space X 

^n,*X — \II„aX -^ n„ 0^ 

which have the structure of a quadratic pair module, see Sections Q and IHl Here 
9 is a group homomorphism with cokernel IlnX for n > and kernel n„+iX for 
n> 3. 

We define n„^,X for n > 2 directly in terms of maps S" -^ X and tracks from 
such maps to the trivial map. For n > the functor n„ ., is an additive version of 
the functor tTu,* studied in jBM05a| . 

We introduce and study the smash product morphism for additive secondary 
homotopy groups 

(2) n^^^X QU^^^Y ^n,^^{X AY). 

Here one needs the symmetric monoidal structure of the category of quadratic 
pair modules qpm which is based on the symmetric monoidal structure on the 
category of square groups constructed in |B,TPn5j . The smash product morphism (2) 
is compatible with the associativity isomorphisms but it is not directly compatible 
with the commutativity isomorphisms. 

In order to deal with commutativity we need the action of the symmetric track 
group SymQ(n) on H„_*X in |BM05b| . We show that A in (2) is equivariant with 
respect to this action, and is commutative up to the action of a shuffle permuta- 
tion. This leads to the definition of the symmetric monoidal category qpmQ'*'™° 
with objects given by symmetric sequences of quadratic pair modules with extra 
structure. Then the morphism (2) induces a morphism in qpniQ'^'"° for which the 
associativity and commutativity isomorphisms are compatible with the symmetric 
monoidal structure of qpniQ'*""'-'. Therefore H,^, considered as a functor to the 
category qpnif/™^ is, in fact, a lax symmetric monoidal functor. 
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The smash product (2) is used to define the Whitehead product on secondary 
homotopy groups, compare Sectional 

As an iUustrating apphcation of the results in this paper we prove a formula 
of Barratt-Jones-Mahowald on unstable cup-one products, see Section ^J This 
formula was stated in |ljJM83| . but a proof did not appear in the literature. A 
further application yields a formula for a triple Toda bracket which generalizes a 
well-known formula in |Tod62| . see Section ITTI 

In a sequel of this paper we generalize the theory of secondary homotopy groups 
to symmetric spectra. There we show that the smash product operation defined in 
this paper endows the secondary homotopy groups n*^*i? of a fibrant ring spectrum 
R with a graded algebra structure in the category of quadratic pair modules. The 
graded algebra Tl^,^R determines all Toda brackets in 7r*i?, which can be regarded 
as Massey products in 11,, *i?. Moreover, 11, ,i? determines the universal matrix 
Toda bracket in the category of finitely generated free i?-modules. If R is an E^o- 
ring spectrum then 11,., i? is a commutative algebra up to coherent homotopies in 
qpmQ'^™° which encodes not only Toda brackets, but also cup-one products in a 
purely algebraic way. 

The paper consists of three parts. The first part is concerned with the algebra 
needed for the statements of the main theorems. In Part El we present our main 
results and we give applications. Part O contains the construction of the smash 
product operation for additive secondary homotopy groups. There we prove all the 
properties which imply our main results. 

Part 1. Quadratic pair modules and their tensor product 

In this part we describe the algebraic concepts needed for the structure of sec- 
ondary homotopy groups. We introduce the category of quadratic pair modules and 
we show that this category is symmetric monoidal. The tensor product of quadratic 
pair modules is related to the exterior cup-products in the category Top*. 

1. Square groups and quadratic pair modules 

We first recall the notion of square group, see |BP99| and |BJP05| . 

Definition 1.1. A square group X is a diagram 

p 

H 

where A"e is a group with an additively written group law, X^e is an abelian group, 
P is a homomorphism, i? is a quadratic map, i. e. a function such that the cross 
effect 

{a\h)H = H{a + b)- H{h) - H{a) 
is linear in a, 6 € Xg, and the following relations are satisfied, x.y €z A^ee, 

(1) {Px\b)H = 0, ia\Py) = 0, 

(2) P{a\b)H^[a,b], 

(3) PHP{x) =P{x)+P{x). 

Here [a, b] — —a — 6 + a + 6 is the commutator bracket. The cross effect induces a 
homomorphism 

(1.2) {-\-)h: ®'CokerP^Xee. 
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Here (E)'^A = A ^ A is the tensor square of an abelian group A. If (|1.2|l is an 
isomorphism we will say that the square group X is good. The function 

T=HP-l:Xee^ Xee 

is an involution, i. e. a homomorphism with T^ — 1. Moreover, 

A: Xe — > Xee- x^ {x\x) H - H {x) + TH{x) 

is a homomorphism which satisfies TA = —A. 

A morphism of square groups f : X -^ Y is given by homomorphisms /e : X^ -^ 
Ye, fee I Xee —> Yee, Commuting with P and H. 

As an example of square group we can consider 

p 

H 

with P = and H{n) — (2) — ^2 ■ This is the unit object of the symmetric 
monoidal structure defined in the next section. 

We refer the reader to |B.TP05| where the quadratic algebra of square groups is 
developed. We need square groups for the definition of quadratic pair modules as 
follows. 

Definition 1.3. A quadratic pair module C is a morphism d: Cn) — > C/q\ between 
square groups 

C(0) = (Co^Cee), 
H 

p 

C(i) = (Ci ^Cee), 
Hi 

such that dee — 1 '■ Cee ~* Cee IS the identity homomorphism. In particular C is 
completely determined by the diagram 

(1.4) 




where d = de, Hi — Hd and Pq = dP. 

Morphisms of quadratic pair modules f : C ^ D are therefore given by group 
homomorphisms /q : Cq — > Dq, /i : Ci — > Di, fee- Cee — > Dee, commuting with _ff, 
P and d in 1)1. 4|l . They form a category denoted by qpm. 

A quadratic pair module C is 0-good if the square group C(o) is good. The full 
subcategory of 0-good quadratic pair modules will be denoted by qpnig C qpm. 

Remark 1.5. The category squad of stable quadratic modules is described in 
|Bau91' IV. C and |BM05a| . Quadratic modules in general are discussed in 'Bau91j 
and E1193 , they are special 2-crossed modules in the sense of Con84 . There is a 
faithful forgetful functor qpm -^ squad sending C to the stable quadratic module 

^\Co)ab ""^^^^ Cl ^ Co. 
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Here Gab denotes the abelianization of a group G. Such a stable quadratic module 
gives rise to a crossed module d: Ci — > Co where Co acts on the right of Ci by the 
formula, a; € Ci, y G Co, 

x^ = x + P{d{x)\y)H, 
so that we also get a forgetful functor qpm -^ cross to the track category of 
crossed modules. Tracks in qpm (i. e. invertible 2-morphisms) will be considered 
in Section 121 below by using this forgetful functor. 

2. The tensor product of square groups 

We now recall the notion of tensor product of square groups which is essential for 
this paper. This tensor product, first defined in |BJP05| . originates from properties 
of the exterior cup-products in the next section and in Part 13 

Definition 2.1. The tensor product X QY oi square groups X,Y is defined as 
follows. The group {X Y)^ is generated by the symbols x®y, x @ y, a^b for 
X (i Xe, y & Ye, a G X^e and b € Yee, subject to the following relations 

(1) the symbol a(§)6 is bilinear and central, 

(2) the symbol x@y is right hnear, x@_[yi + j/2) = x@yi + x@y2, 

(3) the symbol x @y is left linear, (xi + X2) @ y = xi @ y + X2 @ y, 

(4) P{a)@y = a(g)A(y), 

(5) x(S)P{b) ^ A{x)(^b, 

(6) T{a)^T{b) = -a®6, 

(7) x@y - x@y = H{x)®TH{y). 

The abelian group {X Y)ee is defined as the tensor product Xee Yee- The 
homomorphism 

P: {XQY)ee-^{XQY)e 

is P{a 06)= a0&, and 

H: {XQY)e-^{XQY)ee 

is the unique quadratic map satisfying 

H{x@y) = {x\x)H®H{y) + H{x)®A{y), 

H{x@y) = A{x)®H{y) + H{x)®{y\y)H, 

H(a®b) = o0 6-r(o)0r(6), 

{a®b\-)H = {-\a®b)H = 0, 

{a®b\c@d)H = {a@b\c@d)H 

= (a ® b\c@d)H 

= {a@b\c@d)H 

= ia\c)H®{b\d)H- 

Relation (7) above shows that {X Y)e is actually generated just by x@y and 
a0&. A complete list of relations for these generators is given by (1), (2), (4) and 
(6) above together with 

(8) (xi + X2)@y = xi^y + X2@y + {x2\xi) H^Hiy), 

(9) x@Pib) = {x\x)H^b. 

Similarly {X Y)e is also generated by just x @ y and a06 with relations (1), 
(3), (5) and (6) above together with 
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(10) X @ {yi + 1/2) = X @ yi + X @ y2 + H (x)^{y2\yi) h , 

(11) P{a)@y^a®(y\y)H. 

As proved in |BJP05| the tensor product of square groups is a symmetric monoidal 
structure on the category of square groups with unit "Lnii in Definition 11.11 The 
associativity isomorphism 

{X QY) Q Z ^ X Q {Y Q Z) 

is given by {x@y)@z 1-^ x@{y@z), (a®6)®z 1-^ o(S)(6 (g) A(z)) and (a &)0c 1-^ 
a(S)(6 (E) c) at the e-level and by the associativity isomorphism 

{Xee «) Yee) Zee = ^ee d) (Yee d) Zee) 

for the tensor product of abehan groups at the ee-level. The symmetry isomorphism 

tq-.XqY'^YqX 

is defined on e-groups by x@_y ^^y@x, x@y^^ y@x, and adb 1-^ 6(g)a, and on 
ee-groups by the standard symmetry isomorphism 

T® : Xee d Yee — Yee d) Xee 

for the tensor product of abehan groups. The unit isomorphism 

^nil Q X ^ X 

is defined on e-groups by the formulas n @ x t—^ n ■ x and n(§)a 1— > n ■ P{a). 

3. Exterior cup-products 

We win work with the track category Top* of compactly generated pointed 
spaces. A track category is a category enriched in groupoids, i. e. a 2-category 
where all 2-morphisms are vertically invertible. A 2-inorphisni in a track category 
is also termed a track, and a 2-functor between track categories is called a track 
functor. Tracks in Top* are homotopy classes of homotopies between pointed maps. 
The identity track on a pointed map f : X ^ Y, also called the trivial track, will 
be denoted by 09. We use the symbol D for the vertical composition, and F^ 
denotes the vertical inverse of a track F. Horizontal composition is denoted by 
juxtaposition. 

The smash product of pointed spaces X, Y in Top* is the quotient space 

(3.1) X AY = X xY/XWY 

where the coproduct X\/Y in Top* admits the canonical inclusion X\/Y C X xY 
to the product. If cr is a permutation of {1, . . . , n} the map 

(3.2) a: Xi A • • • A X„ — ^ X^-i(i) A • • • A X^-i(„), 

induced by the permutation of coordinates according to a, is also denoted by a. For 
the sake of simplicity we will ocasionally omit the permutation a in the diagrams 
and equations where it is understood. Given a subset {ii, . . . , ik} C {1, . . . , n} we 
denote by cr = (ii . . . ik) the permutation defined by a(is) — is+i if 1 < s < fc, 
o'iik) = ii and a{m) — m otherwise. 
The smash product is a track functor 

A: Top* X Top* — > Top*. 

It is defined as usually at the level of pointed spaces and pointed maps. The 
pointed space /+ is the disjoint union of the interval / = [0, 1] with an outer base 
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point *. Let F: f ^ g he a track between maps f,g: A ~^ B represented by a 
homotopy F : I-^- /\ A -^ B , and let h: X ~^ Y he another map. Then the track 
F A h: f A h ^ g A h is represented by a homotopy FAh: I+AAAX^BAY 
and h A F: h A f ^ h A g is represented by the composite 

i+axaa^xai+aa'^yab. 

If G : h ^ k is another track then 

FAG={gA G)a{F A h) = {F A k)a{f AG): f A h ^ g A k. 

The smash product defines a symmetric monoidal structure in the category Top* . 
The unit object is the 0-sphere 5'°. 

Definition 3.3. Given maps /: SA -^ 'SB and g: T^X -^ Y^Y the left exterior 
cup-product f^g is the composite 

S^ A A A X ^-^ S^ A B A X = B A S^ A X ^ B A S^ AY ^ S^ A B AY. 
Similarly the right exterior cup-product f^g is the composite 

S^ A A A X = A A S^ A X ^ A A S^ AY ^ S^ A A AY ^-^ S^ A B AY. 
The equality 

(3.4) /#ff=(2 3)(g#/)(2 3) 

is always satisfied. 

These constructions give rise to homotopy operations called exterior cup-products 
#,#: [Sy4,ES] X [T,X,T,Y] — > [T,A A X,J:B AY]. 
see |Bau81| II. 1.14. The operation # is left-linear and # is right-linear, 

(/l+/2)#.9 - /l#5 + /2#ff, 

/#(ffi+52) = .f±9i + f±g2. 

Given a pointed discrete set E we denote Vb5" = S"£'. Then 

7Ti{\/eS') = (E) 
is the free group with basis E — *, and 

is the free abelian group with basis E — * ioi n > 2. We write 

{E)nil 

for the free group of nilpotency class 2 {nil-group for short) with basis E — *, which 
is obtained from (E) by dividing out triple commutators. 

li A = X = S^, and B = E, Y = E are pointed sets then the exterior cup- 
products are functions 

i^,i^:{E)x{E)^{EAE). 
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These functions factor in a unique way through the natural projection onto the 
nihzation in the following way 

(3.5) {E) X {E) ^^ {E A E) 



# # 

{E)ml X {E)nU —=^ {E A E)ml 

A free nil-group {E)nii on a pointed set E gives rise to a square group 
(3.6) Zr,a[E] = {{E),,a^®^nE]) 

H 

defined by P{a (g) 6) = [6, a], H{e) = for any e £ E and {s\t)H = 1 1^) s so that 
Z„i;[S'°] = "^7111 in Definition ll.il These square groups are the main examples of 
good square groups in the sense of Definition 11.11 For (|3.6|) the involution T is up 
to sign the interchange of factors in the tensor square T{a ^ b) — —b (E) a and A is 
defined by A(e) = e e for e e _E. Recall that we denote 

T(^: A(E)B = B(g)A 

to the symmetry isomorphism for the tensor product of abelian groups, which should 
not be confused with T = — rg, in this case. 

The next proposition is essentially jB.TP05| 34. It shows the connection between 
the tensor product of square groups and the exterior cup-products. 

Proposition 3.7. Given two pointed sets E and E there is a square group isomor- 
phism 

Z^u [E] Z„,i [E] -^ Z^u [E A E] 

defined on the e-groups by x@y i—t x^y, x @ y ^—f x^y, and on the ee-groups by 

l(g)T(^(g)l:Z[E](g)I.[E](E)Z[E](g)Z[E] ^ Z[E] (g)Z[E](g)Z[E] (g)Z[E], 

a(8)6(8)C(8)d i-^ a(^ c(^b(^ d. 

This is the quadratic analogue of the well-known fact that free abelian groups 
have the tensor product 

Z[E](E)Z[E] =Z[EAE]. 

4. The symmetric monoidal category of quadratic pair modules 

A pair in a category C is a morphism f: X ^ Y in C. Let Pair(C) be the cat- 
egory of such pairs. Morphisms (a, /3): / -^ /' in Pair(C) are given by morphisms 
a: X ^ X' and (3: Y ^ Y' in C satisfying /3/ = fa. A quadratic pair module is 
a special pair in the category SG of square groups and the category qpm of qua- 
dratic pair modules is a full reflective subcategory of Pair(SG). The left adjoint 
to the inclusion qpm C Pair(SG), i. e. the reflection functor, is denoted by 

$: Pair(SG) — > qpm. 

Given a pair f : D —> C in SG we have $(/)(o) = C, so that <&(/)o = Ce and 
^(/)ee = Cee- Moreovcr, <i>(/)i is the quotient group 
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(0,/ee(d)) 



(P(d),0), deDee, 
(0,2c), ceCee. 



The operators P and H for $(/)(i) and the homomorphism d : $(/)i 
are defined by the formulas, c G Cee, c? G D^, 

P{c) = (0,c), 

i/(d,c) = feeH{d)+HP{c), 
d{d,c) = /e(rf)+P(c). 

The unit of this adjunction is a natural morphism in Pair(SG) 

/ 



Hf)o - Ce 



(4.1) 



D 



^C 



-^*(/)(o) 



Kfh 



and is given by Ve{d) — (d, 0) for d E D^ and Vee{d') — fee{d') for d' G -Dee- We 
use the functor $ for the following definition of the tensor product in qpm. 

The category qpm is a symmetric monoidal category. This structure is inherited 
from the tensor product in SG described above. More precisely, the tensor product 
C Q D oi two quadratic pair modules d: C(i) -^ C(a)^d: Z?(i) -^ D(q) is given as 
follows. Consider the push-out diagram 



(4.2) 



loa 



C(i) i?(i) ^^^ C(i) D(^) 



901 



C(o) i?(l 




100 



Qo) D 



(0) 



in the category SG. Here 9 is a pair in SG for which we derive the tensor product 
in qpm by the functor $ above, that is, 

CQD = $(9: CqD -^ C(o) ^(0)), 

is particular (C0£')(o) = C(o) QD(^q-^ and (C0D)ee = C^e^Dee- Moreover, notice 
that wC and f ^ are both the identity on ee-groups. The unit element for this tensor 
product is the quadratic pair module Z„i; = $(0 — > 'Lnu) given by 



(4.3) 



Z 



V2- 




-^Z 



where H{n) 
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5. The track category of quadratic pair modules 

Given a quadratic pair module C the group Co acts on Ci by the formula, x G Ci , 
2/GCo, 

xy^x + P{d{x)\y)H. 

see Remark ll.51 We define tracks in qpm as follows. 

Definition 5.1. A track a: f ^ g between two morphisms f,g: C ^ D in qpm 
is a function 

a: Co — >Di 
satisfying the equations, x,y G Co, z G Ci, 

(1) a{x + y)^ a(a;)-^o(^) + a{y), 

(2) go{x) = fo{x)+da{x), 

(3) gi{z) = h{z) + ad{z). 

These tracks are pulled back from the track category of crossed modules along 
the forgetful functor in Remark 11.51 The track structure for crossed modules is 
described in |BM05a] 7. In particular we obtain the following result. 

Proposition 5.2. The category is a qpm track category. 

The vertical composition of tracks a, (3 is defined by addition {a\2P){x) — 
P{x) + a{x). The horizontal composition of a track a and a map /, g is defined 
as {fa){x) = fia{x) and {ag){x) — ago{x). A trivial track Oy : / =4> / is always 
defined as 0^(a;) = 0. 

One can use the interval quadratic pair module I to characterize tracks in qpm 
and qpm in some cases. This quadratic pair module I is defined as follows. 

f ^^Z[iQ,il] \ 

1 = 




■ Zi®Z/2P{io\io)H®ZP{io\ii)H g >{io,h)mi , 

The quadratic map H is defined as in H3.6|l . The structure homomorphisms P and d 
are completely determined by the laws of a quadratic pair module and the equality 
d{i) = —io + ii. There are two obvious inclusions iQ,ii: Znu — > I and a projection 
p: I — !■ Tinii defined by p{io) — p(ii) — 1 and p{i) = 0. 

Lemma 5.3. Let f,g: C ~^ D be morphisms in qpm. Assume that C is 0-good. 
Then tracks a: f ^ g are in bijection with morphisms a : 1 C — > D with f = aio 
and g = aii. The equivalence is given by the formula a{c) = Q;UeCe(*®c) fore € Cq. 
Here we use the square group morphisms v and ( in J4.i| ) and ^4-^ . 

This lemma can be derived from the definition of the tensor product of square 
groups. 

Proposition 5.4. The tensor product functor 

: qpm x qpm — > qpm 

is a track functor. 
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Proof. Given tracks a: f ^ g: C ^ D and f3: h ^ k: X ^ Y in qpm, the track 
aQ f3: fQh^gQk: CQX^DQYin qpm with 

a /?: (C X)o - (C(o) X(o))e — > (i? r)i 

is defined as foUows. Given c G Cq and x E Xq 

{aQ(3){c@x) = Ve^e{fo{c)@Pix)) + VeCe{a{c)@ko{x)) 

+ {-fo+ 9o\foic))H^Hkoix) 

(a) 

= VeCe{aic)@ho{x)) + Ve^e{go{c)@P{x)) 

+ (-/o(c) + go(c)\fa{c))H'E)Hho{x), 
and given a G Cee and 5 G Cee 

Here we use the square group niorphisms v, (, and ^ in (|4.1fl and H4.2|) . For (a) we 
use 

VeCe{da{c)@P{x)) = Ve^e{a{c)@df]{x)). 

This cquahty follows from the fact that the square in 14.2|1 commutes. We leave 
the reader to check that a /3 is indeed a track f Qh ^ gQk and that the axioms 
of a track functor are satisfied. D 

The following commutativity property for the tensor product of tracks holds. 

Lemma 5.5. Given tracks a, (3 in qpm the equation TQ^aQP) = (/30a)TQ holds. 

The proof is a straightforward but somewhat lengthy computation. One can also 
use the track functor in ProDOsition l5.4l to show that qpm is indeed a symmetric 
monoidal 2-category, compare p3N96 , and |Cra98| . 

Part 2. Secondary homotopy groups as a lax symmetric monoidal 
functor 

In this part we introduce the additive secondary homotopy group as a quadratic 
pair module and we formulate our main results on the smash product for additive 
secondary homotopy groups leading to a lax symmetric monoidal functor. We 
also give applications to unstable cup-one products, Toda brackets, and secondary 
Whitehead products. 

6. Homotopy groups and secondary homotopy groups 

Let Ab be the category of abelian groups. Using classical homotopy groups 7r„X 
we obtain for n > the functor 

n„ : Top* > Ab 

with 

r 7r„X, n>2, 

(6.1) n„X = <^ iTTiX)ab, n = 1, 

[ Z[ttoXI n = 0, 
termed additive homotopy group. 
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One readily checks that the smash product f f\ g: 5*"+™ — > X /\Y oi maps 
{/: 5*" -^ X} e TTnX and {g: S"^ ~^ Y} £ iTmY induces a well-defined homomor- 
phism 

(6.2) A:n„x®n„,y^n„+„,(XAr). 

This homomorphism is symmetric in the sense that the symmetry isomorphism 
Tf^: X AY —>Y ^X yields the equation in T\n+m{Y A X) 

(6.3) (rA)*(/A5)-(-ir™.9A/. 

The sign (—1)"™ is given by the degree of the symmetry isomorphism 

(6.4) r„,„ = T^ : 5'"+™ = S*" A S"" ^ S"" A S"' = 5""+". 
Here 

(6.5) Tn^ni G Sym(7i + to) 

is the shuffle permutation of n -I- to elements which exchanges the blocks {1, . . . , n} 
and {n -f 1, . . . , n -|- to,}. For this we recall that the symmetric group of k letters 
Sym(fc) acts on the /c-sphere 

by permutation of coordinates according to 13. 2() . 

The main purpose of this paper is the generalization of the smash product op- 
erator H6.2|l for additive secondary homotopy groups. 

Definition 6.6. Let n > 2. For a pointed space X we define the additive secondary 
homotopy group Hn^^^,X which is the quadratic pair module given by the diagram 

/ n„,ee^ = ^^Zp'^X] \ 

H 



V 



n 



n,l^ 



^ n„,o^ = {^''x) 



nil 



I 



Here J7"X is the discrete pointed set of maps S*" ^ X in Top* and 11 is defined 
as in (|3.fci|l . 

We describe the group H„_iX and the homomorphisms P and d as follows. The 
group H„^iX is given by the set of equivalence classes [/, F\ represented by a map 
f:S^^ Vn"X<S'^ and a track 




s"-V 



Here the pointed space 



S 



X 



V 



n"X 



S*" 



S"n"X 



is the n-fold suspension of the discrete pointed set ri"X, which is the coproduct of 
n-spheres indexed by the set of non-trivial maps S" —^ X. The map ev: S^ --> X 
is the obvious evaluation map. Given a map f : S^ —> \/nnxS^ we will denote 
fev — sv{T,'^~^f), so that F in the previous diagram is a track F: /e„ ^ 0. 
The equivalence relation [/, F] = [g, G] holds provided there is a track 

N: TT-^f^Ti^-^g 
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with Hopf{N) — 0, see (|6.8f) and (|5.9|l below, such that the composite track in the 
foUowing diagram is the trivial track. 



(6.7) 




^X 



That is i^ = Gn{evN). The map d is defined by the formula 

9[/,F] = (7ri/)„,i(l), 

where 1 S tti^'^ — Z. 

The Hopf invariant Hopf{N) of a track N : I]^~-^f => S"~^g between maps as 
above is defined in ;BM0 5a 3.3 by the homomorphism 

„^. r ®'z[r!"X], n>3, 

(6.8) H2{IS\S' V 5I) -^' H2{n^-'S^, \/n^xS') - <^ 

which carries the generator 1 e Z = H2{IS^,S^ V S^) to Hopf{N). Here the iso- 
morphism is induced by the Pontrjagin product and ad{N)^ is the homomorphism 
induced in homology by the adjoint of 



S 



1 (12) ^ 



X- 



2 . 



The reduced tensor square ® in 16.8|l is given by 



'A 



Aig) A 



and a 
(6.9) 



a(g)5 + 6(8)a~0' 
A is the natural projection. We define 
Hopf, for 71 > 3, 



Hopf= _ 

a Hopf , for n = 2. 

We refer the reader to jBM05aj 3 for the elementary properties of Hopf which will 
be used in this paper. 

This completes the definition of Hn^iX, n > 2, as a set. The group structure of 
n„_iX is induced by the comultiplication fi: S^ ^ S^ V S^, compare |BM05a| 4.4. 

We now define the homomorphism P. Consider the diagram 




^ S"' V 5" 



where /3: S^ ^ S^ V S^ is given such that (7ri/3)„ii(l) = [a,b] G {a,b)nii is the 
commutator of the generators. The track B is any track with Hopf{B) = —a(a ® 
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b) e (g)^Z[a, 6]. Given x® y e ®'^'L[Vt'^X] let x,y: S"^ -^ ^n-^xS^ be maps with 
{'Kix)ah{^) = X and (7riy)afc(l) = y. Then the diagram 






(6.10) S"" >S'"VS'" ><S'x >X 

represents an element 

P{x®y) = [(y,i)/3, (yet,,ie«)S] G n„,iX. 

This completes the definition of the quadratic pair module n„^X for n > 2. For 
n = 0, 1 we define the additive secondary homotopy groups n„^X by Remark IS. 131 
below. In this way we get for n > a functor 

n„ * : Top* > qpm 

which is actually a track functor. 

For a quadratic pair module C we denote HqC = Coker9, hiC = Keri9. There 
are natural isomorphisms 

(6.11) /ion„,*X 5^ ^„X, n>2, 

hi\ln,*X ^ 7r„+iX, n > 3, 

h{a2,*X ^ TT3X/[n2X,TT2X], 

where [~,— ] denotes here the Whitehead product. Here we use |BM05a| 5.1 and 
also |BM05aj 6.11 for the case n = 2. Furthermore, the following property is crucial. 

Proposition 6.12. The homomorphism 

hQl{n.*X -^ hiIVn,*X: X i-^ P{x\x)h 

coincides via 1^6. 11\) with the homomorphism rj* : 7r„X(g)Z/2 — > 7r„+iX ij n > 3 and 
Tj* : TT2X (8) Z/2 —^ 'iT'iX/['K2X,iT2X\ if n = 2. Here rf is induced by precomposition 
with T,^~'^r] where rj: S^ ^ S"^ is the Hopf map. 

This follows from |BM05aj 8.2. 

Remark 6.13. Considering maps f : S"" ^ X together with tracks of such maps to 
the trivial map, we introduced in |BM05a| the secondary homotopy group 7r„,*X, 
which is a groupoid for n = 0, a crossed module for n = 1, a reduced quadratic 
module for n = 2, and a stable quadratic module for n > 3. 

Then using the adjoint functors Ad„ of the forgetful functors 0„ as discussed in 
|BM05a] 6 we get the additive secondary homotopy group track functor 

n„ , : Top* — > squad 

given by 

{7r„^*X, for n > 3, 

Ad37r2.,X, for n = 2, 

AdsAdaTTi^^X, for n = 1, 

Ad3Ad2Adi7ro,»X, for n = 0. 

This is the secondary analogue of (|6.1|) . 

Here the category squad of stable quadratic modules is not appropriate to study 
the smash product of secondary homotopy groups since we do not have a symmetric 
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monoidal structure in squad. Therefore we introduced above the category qpm 
of quadratic pair modules and we observe that n„^,X in squad yields a functor to 
the category qpm in the following way. As a stable quadratic module Iln,*X looks 
as follows 

In the quadratic pair module JIn,*X the quadratic map H is defined as in H3.6(l 
and the homomorphism {—\ — )h- ^^ (J^nflX)ab — ^n.eeX is the identity. A map 
/ : X ^rY in Top* induces a homomorphism li-nfif ■ ^n,oX -^ n„^o^ between free 
nil-groups which carries generators in Hn^X to generators in Yln^Y and therefore 
Iln,*/ is compatible with H. This shows that there is a canonical lift 

qpm 




Top* >■ squad 

with n„(o)X — Z„ii[r2"X] for all n > 0, in particular n„,X is always a 0-good 
quadratic pair module. Compare |BM05b 1.15. 

The definition of 112, *X given above coincides with the lifting of Ad37r2,*X to 
qpm by the claim (*) in the proof of jBM05aj 4.9. 

Generalizing ()6.11f) we have for all n > a natural isomorphism 

(6.14) /ion„,*x ^n„x, 

see |BMn5aj 6.10. 

In this paper we are concerned with the properties of the track functor n„^ 
mapping to the category qpm. In order to simplify notation given a map f : X —>■ Y 
in Top* we will just denote 

/* = n„,i/: Un^iX — > Tln,iY, for i = 0, 1, ee and n > 0. 

Moreover, given a track a: f ^ g between maps /, <? : X —^ Y we denote by 

a^ =Iln,*a:IlnflX — > Un^iY, n > 0, 

the induced track a* : /* ^ 5* in qpm. 

7. Smash product for secondary homotopy groups 

In this section we describe our main results connecting the tensor product of 
quadratic pair modules and the smash product of pointed spaces. The smash prod- 
uct operator in the next theorem is the canonical analogue of the smash product 
for classical homotopy groups in (|(j.2|l above. 

Theorem 7.1. The functor of additive secondary homotopy groups Hn,* '■ Top* — j 
qpm admits a well-defined smash product operator 

A : n„,,x Urn,.Y -^ n„+„,.,(x A y), 

which is a morphism in qpm, inducing the smash product of classical homotopy 
groups in i)6'.ij)) on hg. This operator is natural in X and Y with respect to maps 
and tracks. 
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This smash product operator is given in the (O)-level by the foUowing morphism 
of square groups 

z„,i[f^"x] z„,i[r!"y] = z„,i[r!"x a r!™y] ^"^^ z,„,[r!"+"(x a y)]. 

Here 

A: (r2"X) A(f7"y) — >f7"+"(XAy), 7i,m>0, 

is the map between discrete pointed sets defined by 

(/: 5"-^X)A(g: 5" ^ F) h-> (/A.9: 5*"+™ ^ X A y). 

On the (l)-level the definition of the smash product operator in Theorem 17.11 is 
more elaborate, see Definition 114.31 below. 

Proof of Theorem \7. 1\ The first part of Theorem 17.11 follows from Lemmas 118.21 
118.31118. 51 and ll9. 11 in Partl!^ For the naturality we use Lemma [19. 21 in Part 13 and 
Theorems O and O □ 

We will use the following notation for the image of generators in the tensor 
product by the smash product morphism in Theorem 17. II Given x € Iln,iX and 
y G n,„ jF for < i,j,i+ j < 1 we denote by 

xAye Un+ni.i+jiX AY) 

to the image by A of the element x@y £ IIn+m,oiX AY) ifi = j = 0, oiveCeix@y) £ 
Un+m,iiX A y) if i = 1 and j = 0, and of Ve^dx @ y) £ n„+,„,i(X A F) if « = 
and j = 1- Here we use the square group morphisms v, ( and ^ in (|4.1|l and H4.2|l . 
Similarly for x@y and xAy. Moreover, given a £ n„ eeX and b £ n,„ eeY we denote 

by 

aAb£ nn+rn,ee{X AY) 

to the image of a (g) 6 G (n„^,X n,„,*y)ee by A. 

Theorem 7.2. The smash product operator endows H, ., with the structure of a 
lax monoidal functor from Top* to the category of graded 0-good quadratic pair 
modules. That is, the following diagram commutes 



n„,,X0(n„,,r0n,,,z). 



10A 



-> (n„,*x n™,,r) H(,,z 

A01 

H„+„,,(XAr)0n,,,z 



-^nn+m+L*iXAY AZ) 



Un^^XQUrn+L^YAZ) 

and for the unit S*" of the symmetric monoidal category (Top*, A) and the unit 
'^nii of (qpm,0) there is an isomorphism u: Z„,;; = Ho.^S*^ such that the following 
diagrams commute. 



^o,*S n„ ,1,^ 

«0i 

^nil Hn *X ■ 



^nr,AS"AX) 



-> Ilri,*-'^ 
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10M S 

Iln,*X © Znil — 



^U.nAXAS°) 



->■ n„ *x 



The isomorphism u: Znii = no,*^" is the unique one sending 1 G Z = {'Z„ii)o to 
u(l) = Iso : 5° -> 5"° in Hobos'". 

Proof of Theorem \7.S\ In dimensions > 1 the associativity property in Theorem l7.2l 
foUows from Lemma ll8.6l in Part 01 In case dimension is involved we use the more 
algebraic Lemma 119.11 The commutativity of the squares with the isomorphism u 
is easy to check. This is left to the reader. D 

The graded commutativity equation H6.3II for the smash product for classical 
homotopy groups has a secondary analogue as follows. 

Theorem 7.3. The following diagram commutes in qpm. 



Iln*X Ilm.*Y ■ 



T0 



-^nn+mAXAY) 
Un+mAYAX) 



n„ 



,Y Un,,x — ^ n,„+„,, {¥ A X) 






Here Tq is the symmetry isomorphism of the tensor product in qpm, and t* ^ 
is given by the right action of the shuffle permutation Tn,m G Syin(n + m) in 1 6'. ,5)) 
on 'ilrn+n,*{X A X) , scc the next section. 

This follows from Lemma [18.71 in Part|3| 

8. The symmetric action on smash products 

Secondary homotopy groups, regarded as a functor from pointed spaces to graded 
0-good quadratic pair modules 

n»,, : Top* 

is a lax monoidal functor, see Theorem 17.21 The monoidal structure in qpniQ* is 
the usual graded extension of the tensor product of quadratic pair modules, see 
the appendix, and Top* has the monoidal structure given by the smash product A. 
Both monoidal structures are symmetric, however Theorem 17. HI shows that 11*^* is 
not lax symmetric monoidal since the action of the shuffle permutation r„_m in (|G.5|) 
is involved. This inconvenience is solved by enriching the structure of secondary 
homotopy groups with the sign action of the symmetric track groups constructed 
in BM05b . 

Definition 8.1. Let {±1} be the multiplicative group of order 2. A sign group Gn 
is a diagram of group homomorphisnis 



{±1} -^ Gn -. G ^ {±1} 
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where the first two morphisms i and d form an extension. Here all groups have a 
multiplicative group law and the composite ed is also denoted by e: Gg — > {±1}- 
A morphism /□ : Gq -^ K\j of sign groups is a commutative diagram of group 
homomorphisms 

{±1}^ > Ga » G > {±1} 




{±1}'^ > Ko » K > {±1} 

This defines the category Gr± of sign groups. The initial object Iq in this category 
given by G = {1} will be termed the trivial sign group. 

Remark 8.2. Recall from |BM05bj 3.6 that a sign group Gn gives rise to a crossed 
module 

an = (£,5):Gn^{±l}xG. 
where {±1} x G acts on Gg by the formula 

g'^-^^-^ = h-^ght(e{gp)). 

Here g G Gg, x e {±1}, h E G, and h e Gg is any element with d(h) — h. This is 
a well-defined crossed module since Gn is a central extension of G by {±1}. 

The main examples of sign groups are the symmetric track groups 

{±1} ^-> Sym[](n) -» Sym(n) -^ {±1} 
defined as follows. The symmetric group Sym(n) acts on the left of the n-sphere 

see 1)3. 2|) . The elements of the symmetric track group SymQ(n) for n > 2 are 
tracks a: a ^ {-fn " between maps a, {-Yn "^ ■ S'" -^ S", with a e Sym(n) and 
(.)^'s'^^")=I]"-i(-)^'s'^("), where 

{■)''■. S^ — ^S'^: z^^z^ fceZ, 

is given by the (multiplicative) topological abelian group structure of S^ . The group 
law in SymQ(n) is given by the horizontal composition of tracks. For n — 0,1, let 
SymQ(n) be the trivial sign group. Compare |BM05b| 5 and 6. 
The smash product S"" A — induces a sign group morphism 

(8.3) S"" A - : Symg (n) — > Sym^ (m + n) 

sending a track a: a ^ (On^" s-s above to 5*™ A a. This morphism is given 
on symmetric groups by the usual inclusion Sym(n) C Sym(m -I- n) obtained by 
regarding Sym(n) as the subgroup of permutations of to -I- n elements fixing the 
first m elements. 

One can not directly define a sign group morphism 

-AS"": SymQ(m) -^ SymQ(m + n) 

in a geometric way as above since (•)^ A 5" ^ (Om-i-n- With the help of the 
crossed module structure for sign groups described in Remark |8. 21 and the shuffie 
permutation r„^m in (|6.5(l we define — A 5" as the following composite 

(8.4) —AS"': SymQ(77T,) — > Syinu{n + m) — > SyTaQ{m + n) 
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This morphism is given on symmetric groups by the inclusion Sym(77i) C Sym(77i + 
n) obtained by identifying Sym(r7i) with the group of permutations ofm+n elements 
which only permute the first m ones. 

Definition 8.5. A twisted bilinear morphism of sign groups 

(/n,.gn): Gq x La — > Ka 

is given by a pair of sign group morphisms /□ : Gg -^ K\j, g\j: _Lq -^ K^, such 
that given a G G and 6 G L the equality 

f{a)g{h)=g{b)f{a) 

holds in K, and therefore the group homomorphism 

{f,g):G-KL^K:{a,b)^f{a)g{h) 

is defined, and given x G Gn, y G Lq the following equality is satisfied in K^ 

The twisted product G\j x L\j of sign groups G\j , L\j is a sign group 

{±1} -^ GnxLn -^ G x L ^ {±1} 

together with a universal twisted bilinear morphism 

(8.6) (iGn,iLn): Gn X Ln — >GnxLn- 

The group Gq xLq is generated by the symbols s, Z and cj, for t G Gq and s G Lq, 
with the following relations: 

(1) a; is central, 

(2) z(-l) = w for both i: {±1} -^ Gq and j: {±1} -^ Lg, 

(3) rir2 = ri" ■ 7^ when ri, r2 lie both in the group Gtj or both in Lq, 

(4) ts = sZw("2 jl^' ) for i G Gn and s G in- 

The homomorphism 9: Gnxig ^> G x i is defined by d{t) — {d{t), 0) for t G Gg, 
9(s) = (0, 9(s)) for s G ioi and d{uj) ~ 0. The universal bilinear morphism is given 
by icfj (t) = t and ilq (s) = s. The twisted product is a non-symmetric monoidal 
structure in the category Gr± of sign groups where rhc unit is the trivial sign group 
In- 

Proposition 8.7. The morphisms in 1^8.!^) and j^.^| ) induce a morphism of sign 
groups 

Symg(m)x SymQ(n) — > SymQ(TO + n). 

This proposition can be derived easily from the presentation of the symmetric 
track groups given in |BM05b| 6.11. 

We now introduce the action of a sign group on a quadratic pair module. In 
|BMfl5b| we show that the sign group Symg(n) acts in this sense on Iln,*X. 

Definition 8.8. A sign group Gn acts on the right of a quadratic pair module G 
if G acts on the right of G by morphisms g* : C ^ G, g G G, in qpm, and there is 
a bracket 

(-,-> = (-,->g: Go xGn^Gi 
satisfying the following properties, a:,2/GGo,2:GGi, s,iG G^. 

(1) {x + y,t) = {x,t) + {y,t) + P{-d{tr{x) + e{tr{x)\d{tny))H, 

(2) e{tr{x)^d{tr{x)+d{x,t), 
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(3) e{tY{z)^d{ty{z) + {d{z),t), 

(4) {x,s -t) = {d{sY{x),t) + {e{tY{x),s), 

(5) for the element lo = *(— 1) G Gq we have the to -formula: 

{x,uj) = P{x\x)h- 

Notice that the a;-formula corresponds to the honiomorphism in Proposition 
IfTTSl 

Here we use the notation 

• (-l)*(a;) = -x + dPH{x), 
. i-inz) = -y + HPdiy), 

• 1* = identity, 

introduced in jBMOfibj . Notice that (— !)*(— 1)* = 1*. The trivial sign group acts 
on any quadratic pair module in a unique way. 

This definition of a sign group action, as given in jBMOSbj , can be reinterpreted 
in terms of the tensor product of quadratic pair modules by using the following 
"group ring" construction for sign groups. 

Definition 8.9. A quadratic pair algebra i? is a monoid in the category qpm of 
quadratic pair modules. The image of a right-linear generator r@s in the tensor 
product by the monoid structure morphism RqR — > R will be denoted by r-s. This 
notation will also be used below (in the proof of Lemma f8.11|l for right modules 
over a quadratic pair algebra. Given a sign group Gtj the quadratic pair algebra 
A{Gc\) has generators 

• [g] for any g £ G on the 0-level, 

• [t] for any t E Gg on the 1-level, 

• no generators on the ee-level, 

and relations 

. H[g] = for 5 e G, 

• [1] = 1 the unit element, 

• [gh] = [g] ■ [h] for 5, /i G G, 

. d[t]^~[dit)]+sit), 

. [st] = [d{s)] ■ [t]+e{t) ■ [s] + (-(2^))(^W)P(1|1)h for s,t e Gn, 

. H = P(1|1)^. 

In these equations —1 can appear as a value of the homomorphism e. This —1 
denotes the additive opposite of the unit element 1 € ^o(Gn), except when it 
appears as part of a cominatorial number, where it is regarded just as an integer. 
The relations above show that ^(o)(Gn) = '^nii[G+] where G+ is the group G 
together with an outer base point, so A{G\j) is 0-good. 

The "group ring" of a sign group defines a functor onto the category qpa of 
quadratic pair algebras 

A : Gr± — > qpa- 

Proposition 8.10. The functor A is strict monoidal. 

Proof. The isomorphism A{G\j) A{K\j) = A(Gn x K[j) is given by the composite 

A{Gn)QA{Ka) — > A{Gny-Ka) Q A{GnxKa) — > A{GnxKa). 
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For the trivial sign group Ig the isomorphism Znu = ^(In) is the unit of the 
quadratic pair algebra A(ln). D 

The following lemma gives a reinterpretation of sign group actions in terms of 
algebras and modules in the monoidal category qpm. 

Lemma 8.11. Let G\j be a sign group and let C be a quadratic pair module. A 
sign action of Ga on C in the sense of Definition \8. 8\ corresvonds to a right A{G\j)- 
module structure on C . 

Proof. With the notation in in Definitions 18.81 and 18.91 the correspondence is given 
by the formulas, g E G, t £ Gn, 

g*x = x-[g], 
{x,t) = x-[t]+(^'fyH{x). 

The technical details of this proof are left to the reader. D 

In |BM05b| we define a sign group action of SymQ(?i) on n„.*X, hence combining 
ProDOsition l8.1()l and Lemma [8. Ill we readily obtain the following result. 

Theorem 8.12. The sign group Sym|-|(n)x Sym|-|(TO) acts on Iln^*X QlIrn.*Y. 

We will now consider the compatibility of the smash product operation in The- 
orem [7?T1 with the sign group actions. 

Theorem 8.13. The smash product morphism 

A: Un^.X QUm^.Y ^nn+m,*{X AY) 

in Theorem \7.1\ is equivariant with respect to the action o/Sym[](n)x Syin.Q{m) on 
Iln,*X Qllrn.*Y defined by Theorem \8.1i^ and the sign group morphism 

Symu{n)x Symu{m) — > Symg(n + n) 

in Proposition \8. 7| 

This theorem follows from Lemma ri8.8l in Part|31 

Since the secondary homotopy groups n„.*X have a canonical action of the sign 
group Sym^ (n) we are led to consider the following category of symmetric sequences 
in qpm (this is similar to the treatment of symmetric spectra in |HSSOO| ). 

Definition 8.14. An object X in the category qpmQ^"^° of symmetric sequences 
is a sequence of 0-good quadratic pair modules Xn endowed with a sign group 
action of the symmetric track group Symg(n), n > 0. A morphism f : X ~* Y m. 
qpmQ^™° is a sequence of SymQ(n)-equivariant morphisms /„ : X„ — > Yn in qpniQ. 
The results in |BM05bj show that secondary homotopy groups yield a functor 

n,,,:Top*— .qpm^^^a. 

The category qpmQ'^™° has a symmetric monoidal structure denoted by OsymQ- 
The tensor product X Osymn Y of two symmetric sequences X, y of 0-good qua- 
dratic pair modules is characterized by the following universal property: for any 
symmetric sequence Z of quadratic pair modules there is a natural bijection 

^°™qpm^*""° (^ ©Symn Y,Z)= || Homgy„j^ (p) J Symg (g) (^P © Yq, Zp+g). 

P.geiN 
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Here Homg r \ j gymn (g) denotes the set of morphisms in qpm which are equi- 
variant with respect to the sign group morphism in Proposition 18 . 71 The expHcit 
construction of X ©syniQ Y is indicated in the appendix. The symmetry isomor- 
phism 

X 0Symn Y ^Y ©Syrnn X 

is induced by the morphisnrs in qpm 



XpQYg = YgQXp > {Y ©symn ^)g+p -^ {Y ©symn X] 



p+q- 



Here the first morphism is the symmetry isomorphism for 0, the second one is 
induced by the universal property of Y OsymQ X and in the third morphism we use 
the sign group action of Symg(p + g) and the shuffle permutation Tp,, e Sy"ni{p + q) 
in (|6.5|) . The associativity isomorphism is defined by using the universal property 
of the 3-fold tensor product, which is analogous to the 2-fold case above. The unit 
element is Znu concentrated in degree 0. 

Now Theorems 17. II IHT5I 17.21 and 17.31 can be restated as follows. 

Theorem 8.15. The smash product operator induces a natural morphism in the 
category qpmg^™° 

A: n,,,X0symnn,,,y — >n,,,{XAY) 

which is compatible with the associativity, commutativity and unit isomorphisms for 
the symmetric monoidal structures A and ©syniQ in Top* and qpmQ^'"° , respec- 
tively. Equivalently the functor 

n, ,, : Top* -^ qpm^r° 

given by secondary homotopy groups is lax symmetric monoidal. 



9. Secondary Whitehead products 

The smash product may be used for the definition of Whitehead products in 
ordinary homotopy groups. In fact, any path connected space X is homotopy 
equivalent to the classifying space of a topological group G so that 7r„G — nn+iX . 
We consider the additive homotopy groups IlnG which satisfy 

UnG = TTnG for n > 1. 

Using the smash product operator A in 16.2(1 for the functor H* and the commutator 
map c: G A G ^ G with c{a A 6) = a^^b^^ab we obtain the composite 

[-, -] : n,G (g) H,G ^ n,(G A G) ^ H.G 

which corresponds to the Whitehead product in 7r,X. It is well known that 
(H*G, [—,—]) has the structure of a graded Lie algebra if X is simply connected. 

In a similar way we now define the secondary Whitehead product for the additive 
secondary homotopy groups n„ „G by the composite 

[-, -] : n,,*G (g) n,,,G ^ n,,,(G a g) "^"^ n,,*G. 
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Marcum defines in jMar93| the partial Whitehead product of a map a and a 
track F as in the following diagram 



T,A—-^X^ 



Marcum's partial Whitehead product lives in the group of homotopy classes [SA A 
B^X\. It can be obtained from the secondary Whitehead product for additive 
secondary homotopy groups in case A and B are spheres. 

We will explore this connection in a sequel of this paper where we shall discuss 
the algebraic properties of the structure (H, ,G, [— , — ]) which leads to the notion 
of a secondary Lie algebra. This should be compared with the notion of secondary 
Hopf algebra discussed in |Bau06j . 

10. CUP-ONE PRODUCTS 

Let n > 771 > 1 be even integers. The cup-one product operation 

7r„5™ -^ ^2„+i52™ : a K^ a Ui a = Sqx{a) 

is defined in the following way, compare HM93 2.2.1. Let k be any positive integer 
and let Tk S Sym(2A;) be the permutation exchanging the first and the second block 
of k elements in {1, . . . , 2fc}. If k is even then signrfe — 1. We choose for any even 
integer fc > 1 a track ffe : t^ => 1^2* in SymQ(2fc). Consider the following diagram 
in the track category Top* of pointed spaces where a: 5" ^ 5™ represents a. 

(10.1) o2u^t^g1-m 

1S2„ ( =^ 






lo2n 



Qln °^°) c2m 



By pasting this diagram we obtain a self-track of a A a 

(10.2) (f™(a A a))n((a A a)f^) : a A a =^ a A a. 

The set of self-tracks aAa^aAais the automorphism group of the map a A a 
in the track category Top*. The element a Ui a e 7r2„+iS'^'" is given by the track 
()10.2|l via the well-known Barcus-Barratt-Rutter isomorphism 

Aut(aAa) ?^ TTsn+iS'^", 

see JBB58J . jR,ut67j and also |Bau91j VI.3.12 and JBJ?UJ for further details. 

The following proposition yields a description of the cup-one product in terms 
of the structure of additive secondary homotopy groups. 

Proposition 10.3. Let n and m be even positive integers. For a G n„5™ we 
choose a € n„^0'S''" representing a and we define in Tl2n,iS^"^ 

Sqi{a) = -(aAa,Tn) + (f,„),(aAa) - P(i/(a) A riJ(a)). 

Then dSqiia) = so that Sqi{a) G /iinan^S^™ = 7r2„+i5'2™. Moreover, Sqi{a) = 
a Ui a. 
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Proof. The track Tm'- Tm => ^ induces a track (fm)* : (Tm)* =^ 1 in qpm satisfying 

3(T,„)*(aAa) = — (Tm)*(aAa) + a/\a. 

By the symmetric action we have the element (a A a, f„) G n2n.i'5'^'" satisfying 

— 9(a A a,f„) = —a A a + T*(a A a). 

Hence we get 

dSqi{a) = -aAa+ {T„y{a A a) - (■7-„i),(aAa) + aAa - dP{H{a) A TH{a)) 

where (T„)*(aAa) = (r,„),(aAa) and aAa-aAa = dP{H{a) ATH{a)). This shows 
9S'gi(a) = 0. Using the definition of secondary homotopy groups as track functors 
in |fJM05a| and the symmetric actions in |BM05b| we see that Sqi{a) coincides 
with the track definition of a Ui a. D 

Theorem 10.4. Let n and m he even positive integers and a, f3 ^ iTnS"^ . Then 

I Tl - — 777 \ 

Sq^{a\(3) - Sqi{a + /?) - Sqi{a) - 5<zi(/3) - f ^— + 1 j (« A /3)(S2"-3,y). 

This resuh is stated in |B JM83J . but a proof did not appear in the hterature. 

Proof of Theorem \10.4\ We choose representatives a,b E n„.0'5'™ of a, j3 with 

H{a) = = H{b). 

Then we have 

a A 6 = aAb 
and we get 

(a + 5) A (a + 6) = a A[a + h) + b A{a + h) 

= aAa + aAb + b Aa + b Ab 

— X + u + y, 

{a + b)A{a + b) = {a + b)Aa + {a + b)Ab 

— a Aa + b Aa + a Ab + b Ab 

— X + V + y. 

Here we set x = a Aa, y = b Ab and 

u = a Ab + b A a, 
V = b A a + a Ab, 

so that 

u = u + 9P(a A 6|6A a)//. 

Now the formula for Sqi{a) yields: 

Sqi{a) = -(a A a,f„) + (f„i),(a A a), 
SqiiP) = -{bAb,Tn) + iT„,)4bAb). 

Moreover for 7 = a + /? represented by c = a + & we have 

^91(7) = -(cAc,f„) + (f„,),(cAc)-P(i7-(c)AriJ(c)). 
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The summands of Sqi{"/) satisfy the formulas: 

(c A C, fn) == {x + U + y, Tn) 

= {x, f„><(«+^) + {u, fr,)<^y^ + {y, f„), 

(Tm)*(cAc) = {Tm)*{x + V + y) 

Here we have 

(T„)*(aA5) = (T„),(&Aa) 
= (T"m)*(6Aa), 

(t„)*(u) = (Tm)*(w). 

Hence we get 

Sqih) = -(y,f„)-(«,f„)<(^) 

+ (t™)*(i;)(^'")*(^' + (f„),(y) - P(i7(c) A Ti7(c)). 

Since the action on Kcr d is trivial and since the image of P and Ker d are both 
central we thus get 

Sqiij) ~ SqiiP) = -(u,f„)<(^)+^gi(a) + (f„),(i;)(^")*('') 

-P{H{c) ATH{c)). 

Therefore we have 

Sqi{a\P) - -(7i,f„)<(2') + (f„0,(«)(^-)-(^)-P(i7(c)ATi7(c)) 

= (-(«,f„) + (f„0* («))*"-"'* '"^ + P(a A b\b A a)ff 

since d{—{u,Tn) + (f„i)*(w)) is a commutator, and hence in the image of dP. Here 
we have 

(w,f„) = (aA6,f„) + (6Aa,f„) +P(-T;;(aA6) +aA6|T*(5Aa))H, 

(Tm)*(w) = (Tm)*(&Aa) + (f„),(a A6) 

+P(-(t,„),(6 a a) + 6 A a|(T„0,(a A h))H- 

Hence we obtain 

5*91(016) = -(6Aa,f„) - (aA6,f„) + (f„),(6Aa) + (f„),(aAfe) + (c), 

(c) = P{bAa-aAb\{Trn)*{aMi)) + P{aAb\hAa)H- 

Now we consider the following formulas with 9(a) = = <9(b). 

(a) = (aA6,f„f„) 

= (T*(a A6),f„) + (aA &,f„), 

(b) = (Tmf„i)*(a Afe) 

= (Tm)*((Tm)*(aA 6)) + (f„),(aA b). 
For (b) we use that H2„j* is a track functor and 
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Now we have the fohowing equations. 

{aAb,fn) + {b/\a,Tn) = (a) - (T;j(a A 6), f„) + (6 A a, f„) 

= (a) + (-(T„0*(&Aa) + 6Aa,f„) - (d) 
= (a) + (a(f„)*(6Aa),'r„)- (d) 
= (a) - T*{Tm)*ib A a) + {T^)4b A a) - (d) 
= (a) - (Tm)*T*{bAa) + (f„),(5 A a) - (d) 
= (a)- {Tm)*{Tm)*{aAb) + (f„),(6Aa) - (d). 
Here (d) is given by the following formula. 

(d) = -P«(T„),(6Aa)-(T„),(6Aa))|T*(T„)4foAa))// 
+P«(r„),(6 A a) - (r„),(6 A a))|T*(6 A a))^ 
= -P{aAb- {T^)^{bAa)\aAb)H 

+P{a Ab- (t„),(6 a a)\T*ib A a))H 
= -P{a A b\aAb)H + P{{Tm)*{b A a)\a A b)H 

+P{a A 6|(t„),(6 A a))H - P{{Tm)4b A a)|(r„),(a A 6))^. 
On the other hand we get 

{Tm)*{b Aa) + {Tm)*{a Ab) = (fm)*(6Aa) 

-(f™)*((r„)*(aA6)) + (b). 
Now we get 

SqiialP) ^ -(a)-(d)-(f„),(6Aa) + (f„),((T„),(aA6)) 
+ (Trn)4b A a)- (f„),((T„),(a A b)) + (b) + (c) 
= ^(a) + (d) + (e) + (b) + (c) 
where (e) is the commutator: 

(e) = P{{Tm)*{bAa)\- {T,n)*{{Tm)*iaAb))Hd 

= P(-(r„)46Aa) + 6Aa|(r„r„)4aA6) 

-(Tm)*(a A b))H 
= -PiiTm)*{b Aa)\aA b)H + P{b A a\a A b)H 

+P{{Tm)*{b A a)|(T„),(a A 6))h 

^P{bAa\{Tm).{aAb))H. 

(d) + (e) + (c) = -P{aAb\aAb)H + P{{Tyn)*{bAa)\aAb)H 
+P{aAb\{T^)^{aAb))H 
-P{{Tm)*{b A a)|(T„),(a A 5))^ 
-P{{Tm)*{b A a)\a A b)H + P{b A a\a A b)H 
+P{{Tm)*{bAa)\{T^),{a A b))H 
-P{bAa\{T^),{aAb))H 

+P(5 A a|(T„),(a A 6))h - P{a A 6|(r„),(a A 5))^ 
+P{aAb\bAa)H 
= -P{aAb\aAb)H- 
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Hence we get 

Sqi{a\l3) = -(a) + (b) - P{a A h\a A 6)//, 
and this implies the result by use of Proposition l6.12l D 

11. TODA BRACKETS 

For a pointed space X we use the suspension YiX = S^ /\X and the E -suspension 
EX = X l\ S^ . Here E and E are isomorphic endofunctors of Top*. The E- 
suspension is for example used by Toda in his book |Tod62| . 



Definition 11.1. Let n > fc > and consider morphisms in Top*/ ~ 

Z A E^Y ^'^ E'^X, Y J^ X ^ 5""'^' 
with a{E''P) = and f3"f = 0. Then the Toda bracket 

is the subset of all elements in 7r„+iZ obtained by pasting tracks as in the diagram 






Z < E'^Y < E''X < S^" 




where a, b, c represent a, /?, 7 and B: 6c ^ and A: =^ a{E b). 

Let Ik G TTk{S^) be the element represented by the identity of S'', k > 0. More- 
over, let 

be given by the identity of S . This element yields a quadratic pair module mor- 
phism 

We define the morphisms E'^ in qpm, n > k, 

(11.2) E : Iln-k,*X =Iln-k,*X QZnil ^' n„_fc,*-^ nfe,*S' ~^Iln,*{E X). 

Let a, /3, 7 be given as in Definition 111.11 with a{E^(3) = and (3^ = 0. We 
choose maps a, b representing a, j3 and we choose a track A: => a{E^b) as in 
Definition lll.il Moreover, let 

c € lin-k.QX 

be an element representing 7 g 7r„_fcX with n — fc > 2 and let 

(11.3) Belin-k^Y 

be an element with dB = 6,(c) e Wn-kflY. Then E^B e Xln,iE^Y satisfies 
dE'^B = 9(5 A ikfl) = (95) A ikfl = 6*(c) A ife,o = {E%),{c Sikfl). 
Moreover, the track A induces a track in qpm which is given by a map 

A^ : YlnflE X — > Iln,iZ 
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with dAi.{x) = (a(£''''fe)),(x). Therefore the element 

satisfies d{t) — and hence t is an element in hiUn.^Z. Recall from 16.11(1 that 
hiIln.*Z is naturally isomorphic to 7r„-)_iZ for n > 3 and to tt3Z/[tt2Z,tt2Z] for 
71 = 2, where [— , — ] is the Whitehead product. 

Lemma 11.4. For n > 3, a^E^{B) - A^{c ^ t^fi) € {a, E''l3,E''-f}j^. Moreover, 
all elements in l {a, E'^ f3, E'^'jj, can be obtained in this way. The same equality 
holds for n = 2 mod [tt2Z,'!T2Z], the image of the Whitehead product. 

Proposition 11.5. Let Y be a pointed space and /et r G Z and /3 G TTn^iY with 
rj3 ~ 0. In the group of homotopy classes [EY, EY] let rlsY be the r-fold sum of 
the identity Iey- Then the Toda bracket {rl ey i E P , fT-n} i C TTn+iEY is defined 
and for n > 3 

0, if r is odd, 

{rlEY,EP,rtn}-^ 9 



2 
y3 _^ 02 



§(^/3)(I]"-2^) if r is even. 



Here rj: S^ ^ S is the Hopf map. For n = 2 the same formula holds in the 
quotient 'K^EY /['K2EY,t:2EY] where [— ,— ] is the Whitehead product. 

In |Tod62| 3.7 Toda proves this result in case F is a sphere. Toda's proof uses 
different methods relying on the assumption that y is a sphere. 

Proof of \11.5\ Let (•)'": S^ -^ S^ be the degree r map z i-^ z'' so that rlEY is 
represented by a = F A (•)'". Let & be a map representing /3. We choose c G 
n„_i_o5'"~^ representing ri„ by c = rin~ifl and we choose 

B G n„_i,iy 

with dB = b^{c) = rb^,{in-ifl). Then we get as in (|11.3|) 

^E{B) = {Eb)^{c^^l^Q) 

where c A «i_o — ?'(*n-i,o A iifl) — rinfi. Now we choose A: ^ a{Eb) in such a 
way that the induced track A* satisfies 

A*(Vo)=^(5). 

In fact, the boundary of A, (i„.o) is 

5A,(i„,o) - {a{Eb)),Xi^^o) = dE{B) 

where a{Eb) = {YA{-Y){bAS^) = bA{-Y = (m)(S"-i(-)'^) and (E"~H-)'')*(Vo) = 

r*in,o = rinfi- since i?(«„,o) = 0. 

Now we can compute the element in Lemma 111. 41 

t^a^.E{B) - A(cAii,o) e {rlEY.El3,rin}^. 

Here A is a track /o => go with fo — Oso that 

A(cAii,o) = A^{rinfi) 
= rA^{infi) 
= rEB. 
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On the other hand we get 

a,{EB) = {YAi-y)4BAii^o) 

= BAiii■rU^l,o)) 

= BA(r*zi,o) 

= r{BAiifi)+t 
= rE{B)+t 
where 

t = ('^Vl-ffaCB) A (zi,ohi,o)ff) 



P{H{rK{i„^ifl)) A (ii,o|«i,o)ff) 

2 
-P((&*(«n-l,o)|^*(«n-l.o))H A (ll,0 |«l,o)ff ) 

2 
-P(6*(«n-l,o) A ll,o\b*{tn-l.o) A llfi)H- 



Therefore t represents (2) (i?/3)(S" ^rj). If r is odd we see that t = smee /3 has 
odd order and S77 has even order. D 

Part 3. The construction of the smash product for secondary homotopy 
groups 

In this part we define the smash product operator for secondary homotopy groups 
and we prove the results described in Part[2| A crucial step for this definition will 
be the construction of canonical tracks 

S(/#.9)^/A<?^S(/#.9) 

termed the exterior traeks, connecting the exterior cup-products and the smash 
product of two maps. Then we use H'^ and H^ for the definition of the smash 
product operator on the (l)-level. Some of the algebraic properties of the smash 
product are then derived from formulas concerning the Hopf invariant of the track 
(]HI^)^n]HI'^ and of some other tracks between suspensions built out of the exterior 
tracks. 

12. Exterior cup-products for higher suspensions and tracks 

We begin this section by stating the basic properties of the exterior cup-product 
operations. 

Lemma 12.1. We have the following formulas for suspensions 

(1) /#(I]g')-/A.9' = /#(Sg'), 

(2) (E/')#5 = (1 2)(/' A 5)(1 2) = (S/')#5, 
coproducts 

(3) (/i,/2)#<7=(/i#5,/2#5), 

(4) (/i,/2)#5=(/i#5,/2#5), 

(5) /#(gi,52) = (/#5i,/#ff2), 
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(6) /#(ffi,52) = (/#gi,/#52), 
and compositions 

(7) (/i/2)#(5i(Sff0) = (/i#ffi)(/2#(SffD), 

(8) ((S/{)/2)#(.gig2) = ((S/0#,gi)(/2#<?2), 

(9) (/i(S/^))#(gig2) - (/i#5i)((S/^)#.g2), 

(10) (/i/2)#((Sgi)52) = (/i#(Ss'i))(/2#.g2). 
T/ie exterior cup-products are associative 

(11) /#(,g#/i) = (/#.g)#/i, 

(12) f±ig±h) = {.f±9)±h. 

The proof of this lemma is straightforward. 
In order to define the exterior cup-products 

/#.9, /#.g: S"+'"-iA A y ^ j^n-hm-1^ ^ y 

of maps between higher suspensions / : Yi^A -^ E"i3, g : YT^X -^ YT^Y we take the 
first spherical coordinates to the end of the smash product 

/: S-i A A A 5"-^ ^ S''-^ h S^ h A ^ 5""^ hS^hB = S^hBh S'"-\ 

g:S^ AX A 5™-i = 5'"-^ A S^ A X -^ 5""^ A5iAr = S'iAyA S'™-\ 
then we perform the usual exterior cup product on these maps, and we recollect 
the permuted spherical coordinates at the beginning of the smash product in an 
ordered way, 

f4j.g: S''~^ AS"'-^ AS^ AAAX = S^ A A A S'^'^ A X A S"""^ 

^ S^ A B A S'^-^ AY A S'""^^ 
^ 5-"-! ^ 5^-1 A 5^ A B A y, 

and the same for ^. These exterior cup-products generalize the classical ones in the 
following sense. iF/ = S"-!/' and g = S"-ig' for / : EA ^ SB and 5 : EX ^ YY 
then 

(E"-i/')#(S™-ig') = E"+"-i(/'#g'), 
(E"-V')#(S™-^5') = E"+'"-i(/'#5'). 

The properties of the classical exterior cup-products in Lemma 112.11 can be ac- 
cordingly restated for the exterior cup-product of maps between higher suspensions. 

Let F: / => g, G: /i => fc be now tracks between maps /, g: E"A — > E"_B, 
h, k : Y™X — > E™y . The exterior products of a track with a map 

F#/^:/#/^^,g#/^, 
F±h: f±h^ g±h, 

f£G:f±h^f±k, 

are defined by exchanging the interval /+ with the spherical coordinates and using 
the exterior cup-products of maps between higher suspensions as defined above. 
For example the track F^h is represented by the homotopy 



where 



/+ A S'"+'"-i aAAX'^ gn+m-i A /+ A A A X ^ gn+va-i A 5 A y, 
F: S''-^ AI+AA = I+A S''-^ AA^ S''-^ A B 
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is defined from a homotopy F representing the corresponding track. Now one can 
define the exterior products of two tracks as the vertical composition 

F#G = (5#G)n(F#/i) = (F#A;)n(/#G), 
F±G = {g±G)U{F±h) = {F±k)U{f±G). 

One can also derive from Lemma ll 2 . II analogous properties for the exterior cup- 
products of tracks. 



13. The exterior tracks 

For any two maps / : S A -^ YjB and g : HX -^ YjY the suspended exterior 
cup-products ^{f^g) and Yi{f^g) are naturally homotopic to the composite 

S^hS^AAhX = S^ hAhS^ hX ^ S^ hBSS^ AY = S^hS^hBhY. 

In order to construct homotopies we only need to choose a track from the transposi- 
tion map (1 2) : S^ ^S^ -^ S'^^S'^ to v^S^, where v. S^ ^ S^\s the co-H-inversion 
defined by v{z) = z~^ . Here we use the topological group structure of S^ . The 
set of all tracks (1 2) => i^ A 5^ and l5'2 => I52 is a group under horizontal com- 
position. This group is an extension of Z/2 by Z with the non-trivial action of 
Z/2, compare [BMfl5b| 6.12. Up to isomorphism there is only one extension of 
this kind, the trivial extension, given by the infinite dyhedral group Z/2 * Z/2, 
hence this group of tracks is generated by two order 2 tracks (1 2) => i/ A S^. One 
of these two generating tracks H: (1 2) ^ t^ A S*^ can be constructed as follows. 
Since v /\ S^ is a homotopy equivalence it is enough to indicate which track is 
W^iv A S^): I52 ^ (1 2)[v A S'^). The 2-sphere S"^ ^ S^ h 5^ is a quotient of the 
square [—1, 1]^ by the map [—1, 1]^ -^ S^/\S^ : {x,y) 1-^ (exp7ri(l+a::),exp7ri(l+y)). 
The map (1 2){i'AS^) is induced by the 90° twist (counterclockwise) in the square, 
so we obtain M {ly A S^) by using the homeomorphism from the square to the radius 
v2 circle projecting from the origin 



and twisting continuously the circle 90° counterclockwise. 
Definition 13.1. The exterior tracks 

H#^:E(/#.9)^(2 3)(/A5)(2 3), 



C^^(/#)^(2 3)(/A5)(2 3), 



S^ AS^ aaax- 



S{/#9) 



-> 51 A 51 A B A y ,5^ 



S^ AS^ AAAX 



51 A 5I A A A X S- 51 A 5I A B A X 





(2 3) S^ABAg (2 3) 
5I A 5I A B A X >■ 51 A B A 51 A X S- S^ AB AS^ AY > S'^ AS^ AB AY 



({1 2){i^aS^))ABAX 



S^ AS^ AAAX 5- 51 A A A 51 A X ■ 



/As 



-?■ 5I A B A 5I A y — -> 5I A 5I A B A y 



((i/ASl)(l 1))l\Al\Y 



(2 3) S^AAAg (2 3) 
S^ A 5I A A A X S- 5I A A A 5I A X >■ 5^ A A A S^ A y f S^ A S^ A A AY 




S^AfAY 

5I A 5I A A A y > 5I A 5I A B A y 



fii A51 AAAX- 



s(/#s) 




5^ A5^ ABAy 



4^ 
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-^ 5I A 5I A B A y 
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i. e. the tracks Hf and Hj- are the foUowing composite tracks. 

H*_^ = {23){S'^ABAg){2 3){{Bp{uAS'^))ABAX){S'^AfAX){{{uAS'^)m^)AAAX) 

= (2 3){S'^ ABA <y){2 3)(eS ABA X){S'^ A / A X){m^ A A AX), 

Mj^g = {{m^{uAS'^))ABAY){S'^AfAY){{{uAS^)m^)AAAY){2 3){S'^AAAg){23) 

= (H^ A B A y){S^ A / A y)(HS A A A Y){2 3){5^ AAA g){2 3). 

In the next proposition we show elementary properties of the exterior tracks 
that are relevant for the definition of the smash product operation on secondary 
homotopy groups. They are analogous to the properties of exterior cup-products 
in Lemma ri2.1l 



Lemma 13.2. The exterior tracks satisfy the foUowing formulas for suspensions 

(1) ^E/As = Oe((1 2)(/'As)(1 2)) = ^¥f\g' 



(2) m%g, = (HH A S A r)(5i A / A g')iM^ A A A X) - ..j,,^,, 
coproducts 

(3) </./.,. = «,.><, .)^ 

(5) M*, , = (Hf„ ,H* ), 

^ ^ 1,(91,92) ^ />9l' 1,92" 

(6) nf, , = (Hf ,Hf ), 

^ ' f,(9l,92) ^ f,9l^ f,92'' 

and composition of maps 

(8) m*f,,f =H# , m* „ , 

^ ' (E/;)/2.3i32 E/(,gi }2,92' 

(9) nf,^,,, =IHlf „ Hf,, , 

*■ ' fl(^f2),9l92 tl,9l ^fi,92' 

(10) Hf , ,^ ,, =Hf ^ Mr „ ■ 

They satisfy the foUowing associativity rules. 

(11) (H*^ A /i)(SHf#g, J - (/ A H#J(EH#^^ J : ^\f#g#h) ^fAgAh, 

(12) (Hfg A /i)(SHf^g, J - (/ A Hf J(Eh£^,) : Y?{f±gif^i) ^fAgAh. 

These properties follow easily from the definition of exterior tracks above and 
from the fact that HH — ^^ ^ is the trivial track. In the right hand side of the 
equalities (11) and(12) there are some permutations involved that we have omitted. 

For suspended maps E""!/: ^"A -> E"B, S"-\g: YTX -> E^F we define the 
tracks ^tfmg^ Ilf/™,, from E"+™-i(/#.g), E"+™-i(/#g), respectively, to 
(13.3) 
S^^S"'AAAX ^ S^AAaS'^AX ^"'"[^"^''a s^aBAS'^AY <^ S''AS"'ABAY 



34 HANS-JOACHIM BAUES AND FERNANDO MURO 

as 

S"'-! AS^ A S"'-^ A S^ A A AX 

S"-^ A 5""-! AS^ AS^ AAAX 

S"+"'-^(/#s)( '" ^ JS" + "- 2((2 3)(/Ag)(2 3)) 

5"'-! A S""-! AS^ AS'^ ABAY 

g^(2 3) 

S"'-! A S"! A S""-i AS'^ ABAY 

and similarly for #. Notice that the last spherical coordinate in these smash prod- 
ucts is always the same one. This is relevant in connection with Lemma ri5.2l below. 
The tracks H*^^ ^^I— , ^ satisfy properties analogous to Lemma [13.21 that we 
do not restate. They also satisfy the following further properties. 

Lemma 13.4. Given tracks F: I]"-Vi ^ S"-i/2 and G: TT'^gi ^ S^-^gs 
between maps S"-!/^: S"A ^ T,''B and TT-^g,: Y/^A -^ S™B, i = 1,2, the 
following equalities are satisfied 

(F A G)nH#^^^„.^^ = Il#^^^„.^^n(E(^#G)): 

,^ [F A G)nHf ^^ „.^^ = ^if,,r.,,P{nF±G)): 
V I E"+™-i(/i#.gi) ^ S"+™-2(/2 A .92). 

Here the track FAG in (1) and (2) needs to be altered by permutations according 
to (|13.3|) . Moreover Yj{FffG) and Ti{F^G) need also to be altered by permutations 
as follows. The track Yi{Ff^G) should actually be 

5"-! A S-i A S""-i AS^ AAAX 

5.(12) 

S^ A 5""! A S""-i AS^ AAAX 
S^ A S""-! A S""-i A 51 A B A r 

^(12) 

S*"-! A S"! A 5™-! A 51 A B A r 

and similarly ll{FffG). Notice that the last spherical coordinate remains always in 
the same place in this diagram. This is again relevant in connection with Lemma 
EHia below. 

14. The construction of the smash product operation 

In this section we define the smash product morphism in qpm which appears in 
the statement of Theorem 17.11 In the last two sections we establish the properties 
which show that the definition given here is indeed consistent with the definition 
of the tensor product of quadratic pair modules. 

The secondary homotopy groups 'Kn,*X, n > 0, of a pointed space X were 
introduced in [BMOSaj . 
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For 71 = 0, 7ro,*X is the fundamental pointed groupoid of X. We denote by 
TTofiX to the pointed set of objects, which can be regarded as the set of pointed 
maps S'^ ^ X , and by ttq.iX to the set of morphisms. Such a morphism a: x —> y 
is a track a: x ^ y between pointed maps x^y: S'^ -^ Y. 

For n = 1, TTi ,,X is a crossed module 

d: 7ri,iX — >7ri,oX= (QX). 

In particular tti^qX acts on the right on tti.iX. 

For n > 2, 7r„^*X is a reduced quadratic module in the sense of |Bau91| 

9 



7r,i,iX — > 7r„.oX = {Q'^X] 



nil 7 



(14.1) ®'(7r„,oX)„6 

which is stable for n > 3. 

For all n > 1 the elements of iTn,iX are equivalence classes [/, F] represented by 
a map 

and a track 




where ev is the obvious evaluation map. Recall from Section |^ the notation 
S"^ = Vn^X'S'". Two elements [/, F], [g, G] € TTn,iX coincide provided there is 
a diagram like (|6.7() parting to the trivial track with Hopf{N) = for n > 2 and 
no conditions on iV for n = 1. We refer the reader to |BM05aj for further details 
on the construction of the algebraic structure of TTn,*X. 

According to the definition of additive secondary homotopy groups of a pointed 
space given in Remark 16. 131 the quadratic pair module Iln^^X looks as follows. 

(14.2) 



V 



n 



n.l 




■^ ^nfiX — {n^^X)nil 



J 



Here H is always defined as in H3.(j|) . 

For n > 3, Iln^iX = iin.iX and P — ujt^ and d in H14.2|l are given by the 
homomorphisms in (|14.1|) . 

For n — 2 the group 112, iX is the quotient of 7r2,iX by the relations 

P(a (g) 5 + 6 (g) a) = 0; a,b e {TT2fiX)ab; 

and P and d in (|14.2() are induced by wr^ and d in (|14.1() respectively. 
For n = 1, IIi.iX is the quotient of the group 

TTl^lX X ((8) {Tri^oX)ab) 

by the relations 

{-[f,F] + [/,F]^0) - iO,x(g>d[f,F]y, [f,F] e TTisX, X e TTi.oX; 

P{a(g)b) = {0,a(§b) for a, be {TTi^oX)ab; a.nd d{[f, F],x(E)y) ^ d[f,F]-y-x + y + x 
in {ilX)nU for [f,F] e tti^iX and x,y e tti^qX. 
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Finally for n = the group n^iX is the quotient of 

by the relations 

for all morphisms a: x —t y and a' : x' — > y' in ttq.^X, 

(a/3,0) = (/3 + a,0), 

for all composable morphisms • -^ • ^ • in ttq „X, P{a (E) b) = (0, a(E)b) for a, 6 e 
TTo.o^; and d{a, a<^b) = —x + y + [b, a] for a, 6 G ttq^o-'^ and a: x ^ y in ttqaX. 
We denote by n„ (o)^'^ and n„_(i)X the square groups 

H 
dP 

Hd 
n„,(l)-'^ = (Jln,lX ^ Un^eeX), 
P 

defining the quadratic pair module n„ „X. 

Definition 14.3. The smash product operation for the additive secondary homo- 
topy groups of two pointed spaces X, Y is given by morphisms in qpm, n,m > 0, 

(14.4) n„,,X0n„,,r-^n„+™,,(XAy). 

These morphisms are induced by square group morphisms, n,m > 0, < i, j,i+j < 
1, 

(14.5) n„,(,)X n„,(,)y ^ n„+™,(,+,)(x a y). 

defined as follows: 

For i — j — morphism (|14.5(l is the composition 

Znu[n"x] Znuin'-'Y] - Znum^x) a (r!™y)] ^'^^ z™ar!"+'"(x a y)] 

of the isomorphism in Lemma l3 . 71 and the morphism induced by the map between 
discrete pointed sets 

(14.6) A : {n"X) A (f^^F) — > fi™+"(X AY), n,m> 0, 

defined by 

(/: S"^X)A{g: S"" -^ Y) ^ (/A.g: S'"+™^XAy). 

All morphisms in 114. 5|l coincide in the ee-term. 
Suppose now that n,m> 1. 

For 1 = and j — 1, an element g ® [/, F] with g e Iln.o-'^ and [/, F] e Il„i,iY is 
sent by (|14.5() to the element g A [/, F] E n„+„,.i(X A Y) represented by the map 

cl 9#f w r-l i^A „l 

J — * V(nnx)A(0"'y)'-' — > Vnn+n.(XAY)J , 
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where g: S^ ^ Vn"X<5'^ is any map with (7rig)„i;(l) — g and the second arrow is 
the suspension of A in H14.6|l . and by the track 




Hg#f) 



XAY ev 



^X AY 



g A [/, F] = [(SA)(g#/), {g,, A F)n(ez;(S"+™A)H#- ,„^^)]. 

Here, and in the following three cases, the smash products of maps and tracks need 
to be altered by permutations according to (|13.3|) . 

In a similar way the element g@[f, F] is sent by (|14.5|) to g/\[f, F] £ n„+„j_i (X A 
Y), given by the map 






and by the track 



Qn+7 




'(9#/) 



X/\Y ev 



^X AY 



1. e. 



9A[L F] = [(SA)(g#/), (g.. A F)n(e«(S"+"A)H|^^„^^)]. 

For i = 1 and j ~ the generator [/, F]@ g with [/. F] e Iln,iX and g E Ilm.oY 
is sent by (|14.5() to the element [/, F]Ag G Iln+m.i{X A Y) represented by the map 

cl •''#? \/ cl ^^^ \/ cl 

where g: S^ —> Vn^^yS^ is any map with (7rig)„ii(l) = g, and the track 



Qn+7 




'U#-g) 



XAY ev 



^X AY 



[/,F] A5 - [(SA)(/#5),(i^Age.)n(e«(S"+™A)H#^.„-)]. 

The element [/, F]@g is sent by ((n3|) to [/, F]Aci e Iin+m,i{.X A Y) given by the 
map 



^. f*g 



(n"X)A(n'"y) 



S' ^ Vn„ 



n"+"^{XAY) 



S' 
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and the track 



qn+r. 




Hf#a 



f,rn,g 




XAY ev 



■^X AY 



[/, F]Ag ^ [(SA)(/#g), (F A 5e„)n(ez;(S"+"A)Hf /_„^g)]. 

Suppose now that n = and m > 0. 

For i — and j = 1, an element g @ f with g: S'^ ^ X and / G n,„,iF is sent 
by C13J to 5 A / = (n„,,i(<7 A ¥)){/) G n,„,i(X A F). 

For 1 = 1 and j/ = 0, an element F @ g with F : f => f a. track between maps 
/,/': 5°^Xand5G n„ q^' is sent by IH^J to i^A.g = (n,„ »(FAr))(.g)n™ i(XA 

Suppose now that n > and ?77, = 0. 

For i = and j = 1, an element g@_F with g G n„.oX and F : f ^ f' a. track 
between maps /,/' : S'*' -> F is sent by (fTT5|) to .gAF = (n„ *(X AF))(g)n„ i(X A 

For i = 1 and j = 0, an element /®g with / G Hn.iX and g: S'*' -^ F is sent by 
(da to /A5 = (n„,i(X A 5))(/)n„,i(X A F). 

15. The Hopf invariant for tracks and smash products 

In this section we prove two lemmas on the Hopf invariant for tracks defined 
in |BM05a| 3.3 which will be useful to check the properties of the smash product 
operation on secondary homotopy groups. 

The first lemma computes the Hopf invariant of a track smashed with a discrete 
set. 

Lemma 15.1. Let f,g: S^ A A ^ S^ A B be maps between suspensions of discrete 
pointed sets A, B; let F : S^ A f ^ S^ A g be a track; and let X be another discrete 
pointed set. Then the following equations hold 

(1) HopfiF A X) = (1 ® T® ® \){Hopf{F) ® A), 

(2) Hopf{X AF) = {l®T^®l){A® HopfiF)). 

In particular the smash product of a track with trivial Hopf invariant and a discrete 
pointed set has always a trivial Hopf invariant. 

This lemma follows easily from the elementary properties of the Hopf invariant 
for tracks in BM05a. 3. 

The second lemma computes the effect of conjugation by an automorphism of a 
sphere on certain tracks. 

Lemma 15.2. Let f,g'. S^ A A^r S^ AB be maps between suspensions of discrete 
pointed sets A, B; letF: S"-^ A / ^ 5""^ A g be a track; and let a: S"*"! ^ S"'^ 
be a homeomorphism. Then (a A S^ A B)F(a~^ A S^ A A) is a track with trivial Hopf 
invariant if and only if F has trivial Hopf invariant. Moreover, if a has degree 1 
or n > 3 then 

F^iaAS^ A B)F{a-^ A S^ A A). 
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Proof. Let US denote also by F: /+ A 5"~i /\ S^ /\ A ^ 5"-^ A ^^ A B to a map 
representing the track F. The adjoint map of pairs 

ad{{a A 51 A B)F{I+ A a-^ A S'^ A A)) : 

(/+ AS^ AA, (S-i A A) V (S*! A A)) — > (f7"-i(S'"-i A S^ A B), S^ A B) 

used to define the Hopf invariant coincides with the composite 

(/+ AS^ AA, (S*! AA)V (S*! a A)) 

ad{F) 

{n^'^^iS''-^ A S^ A B), S^ A B) 

map^(a^^ ,a/\S^ AB) 

{n^'^^iS''-^ A S^ A B), S^ A B) 

The map map^(a~^, a A S'^ A -B) is a homeomorphism, hence the first part of the 
lemma follows from the very definition of the Hopf invariant for tracks. 

The homeomorphism map^(a~^, a A S^ A B) restricts to the identity on 5*^ A B. 
Moreover, if a has degree 1 or n > 3 then this homeomorphism is compatible with 
the if-nuiltiplication of the {n — l)-fold loop space up to homotopy, and there- 
fore with the Pontrjagin product. In particular by the definition and elementary 
properties of the Hopf invariant for tracks 

Hopf{F) ^ Hopf {{a AS^ A B)F{a-^ A S^ A A)) 

and hence 

F^iaAS^ A B)F{a'^ A S^ A A). 

D 

16. Hopf invariant computations related to exterior tracks 

In this section we perform two Hopf invariant computations for tracks. The first 
computation is connected with axiom (7) in the definition of the tensor product of 
square groups, see Definition 12.11 and the second one is connected with the com- 
mutativity rule for the smash product operation on additive secondary homotopy 
groups, see Theorem 17.31 Both computations are crucial steps towards the proof 
of the main results of this paper stated in Sectional They show that the algebraic 
structures described in Parts d and |21 are the right algebraic structures to describe 
the smash product operation. 

First of all we define a concept which will be useful for computations. 

Definition 16.1. Let nil be the category of free groups of nilpotency class 2 and 
let $ : Ab — > Ab be a functor. The G-group of $ is the class G{^) of all functions 
X sending two morphisms /: {A)nii —* {B)mi, g: {X)nii -^ {Y)nii in nil to a 
homomorphism 

X(/, g) : Z[A] ® Z[X] -^ $(Z[i3] ® I\Y\) 

in such a way that if f,fi,g,gi are morphisms in nil and f , fi, g' , g'i are maps 
between pointed sets i = 1, 2 then 

(1) x{{f')nu,g) = 0, 

(2) X{f,{9')ml)=0, 

(3) x((/i,/2),5) = (x(/i,5),x(/2,5)), 
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(4) xif, (91,92)) = ixif, 91), Xif, 92)), 

(5) X{fl{f^)ml,gi{g'2)ml) = Xih,9l)mf2]^n92]), 

(6) X{{f[)nuf2, {9'i)nU92) - $(Z[/{] ® Z[gi] )x(/2 , ffz). 

A natural transformation C: *& ^ ^ between functors $, ^: Ab -^ Ab induces a 
function G(C) : G((f>) — > G(*) in the obvious way. 

If G($) is a set then it is an abeUan group by addition of abehan group homo- 
morphisnis. If G(\l/) is also a set then G(C) is an abelian group homomorphism. 

Many functors have a G-group which is a set, see for example Lemma ri6.8l below. 
Alternatively one can define G-groups by using a small subcategory of nil to obtain 
always sets. We therefore do not care about set theoretic subtleties in what follows. 

The following lemma shows examples of non-trivial elements in the G-group of 
the reduced tensor square. 

Lemma 16.2. There are elements, n,m>0, 

// -I \nm\ 

aT^(l®T^®l)(iI®Ti?), ~^ar ^ ji7(#)eG(®') 

which evaluated at f: (A) nil -^ {B)nii, 9'- {X)nii — > {Y)nii send an element aiSix d 
Z[A] (g) Z[X] with ae A and x <E X to 

CTT^(1 <g T« l)iHifia)) ® TH{g{x))), 

^ > JH{f{a)±g{x)), 

- 2 
in® (Z[i?] §5 Z[F]) respectively. 

Properties (l)-(6) in Definition 116. II are easy to check in these cases. 
The following lemma is left as an exercise for the reader. 

Lemma 16.3. Given three Junctors $,^,r: Ab -^ Ab and a natural exact se- 
quence 



the sequence 



$ ci, ^ ^ r, 



G($) ^^ G(0 ^ G(r) 



is exact. 

This lemma can be applied to the natural exact sequence 

A®Z/2'^®'^aX K^A, 

where fx^A is the exterior square of A, f(a) — a{a ® a) and qd-{a ®b)=a/\b. 

Now we define elements in the G-group of the reduced tensor square by using 
the exterior tracks and the Hopf invriant for tracks. 

In the rest of this section A, B, X, Y will always be pointed discrete sets. Given 
maps /: 'EA -^ Ei?, g: 'SX — > I]Y, we define the following abelian group homo- 
morphism as a Hopf invariant for tracks 

(16.4) K{f,g)=aHopf{{mjJ^am*J: Z[A](»Z[X] — > ®^(Z[S] ® Z[y]). 

Proposition 16.5. The homomorphism K{f,g) defined above only depends on 

^ 2 
{TTif)nii and {Trig)nii. Moreover, K £ G{® ). Furthermore, 

G{q){K) = G(g)(CTT«(l (g) T^ (g 1){H TH)). 
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Proof. By |BM05aj 3.6 (5) and Lemma HA^ 

(a) K{f, g) = Hop!ml^.„^^^rnntj^^J 

for n, m > 1 with n + m > 2. If (7ri/]„,a = (7ri/)„ii and (tti^)™; = {Tri9)na 
then there are tracks F: E"-i/ => S""V, G: S^-^g ^ E^-^g with trivial Hopf 
invariant. Moreover, the tracks 

E(F#G): E"+'"-i(/#g) ^ E"+™-i(/#.g), 

E(F#G): S"+™-i(/#5) ^ S]"+™-i(/#5), 

have trivial Hopf invariant by Lemmas 115. II and 115. 21 and |BM05a| 3.6. 
By Lemma ri3.4l we have that 

Hence the first part of the statement follows from the elementary properties of the 
Hopf invariant for tracks in BM05a 3. 

The equation for the images by q follows from |BM05aj 3.6, equation (a), and 
the equality 

{'^i{f#9))mi{a A x) = (7ri(/#5))„,;(a Aa;) 

+ar«(l ® T(g ® l){H{{TTif)mi{a)) ® T H {{tti g) ml (x))) . 

This last equality is a consequence of Definition 12. II f?) and Proposition 13. 71 

Finally (l)-(6) in Definition 116.11 follow from Lemma^^l (I)-(IO) and the ele- 
mentary properties of the Hopf invariant for tracks in [BM05a] 3.6. D 

Let fn,m '■ Tn,m => (On+m ^6 a track between maps 

V)n+m I 'n,m ■ *-> * *-> 

This is a lift of the shuffle permutation in (|6.5ll to the symmetric track group 
SymQ(n + m). Given maps /: SA — > Ei?, g: Y.X — > EF, we define the following 
Hopf invariants 

(16.6) 

Li,i(/,5) = a77op/((EV;,)(H£^)Sfi4)n((fiSiAi?Ay)H#^)), 

L„.™(/,5) = 77op/((S]™+"r^)(Hf ,^ „^^.)^f„.„)n((r,^™ ABA Y)mtj^^J). 

Here n,m> 1 and n > 1 or ttt, > 1, and T/^: Y A B —t B /\Y is the symmetry map 
for the smash product. Notice that L„.,„(/, g) is a homomorphism, n,m> 1, 

L„,™(/, 5) : Z[A] <g> Z[X] — > (g>\z[B] (g> Z[Y]). 

Proposition 16.7. For any n,m>l the homomorphism Ln^mif,g) defined above 
does not depend on the choice of Tn^m- Moreover, it only depends on {tti f)nii cind 

- 2 

{TTig)nii- Furthermore, L„.„j e G((8) ). In addition, 

G(g)(L„,„) = G{q) (-^(^~^1^"')h{£ 
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The proof of this proposition is analogous to ProDOsition ll6.5l 
We would like to omit G{q) in the equations of Propositions 116.51 and nTTTI For 
this we prove the following two lemmas. 

Lemma 16.8. //$: Ab — > Ab is an additive functor which preserves arbitrary 
filtered colimits then there is an isomorphism 

G($) ^ $(Z). 

Proof. We claim that the isomorphism sends x to ^("l?^!) ^ ^{'^), where —1 
is the homomorphism — 1: Z ^ Z. This will be a consequence of the following 
formula, that we claim to hold. We first notice that 

$(Z[B] (8) Z[y]) = $(Z) (g) Z[B] (g) Z[Y]. 

Given /: {A)nu -^ {B)mi, 9- {X)mi -^ {Y)niu a ^ A and a; e X, if fab{a) = 
^j nibi, gab{x) — J2j "^iVj ^'^^ the linear expansions with hi £ B, yj G Y, Ui, ruj G 
Z, then 

(a) X{f,9){a'»x) = ^e{ni,mj) \nimj\ x{-l, -I) (» h (g) y^. 

Here e{ni,mj) — 1 provided ni,mj < and it is zero otherwise. Conversely any 
X defined by formula (a) with x(~li ~1) arbitrarily chosen out of $(Z) defines an 
element in G($). We will just prove the first part of the claim, the converse is easy. 
By (3), (4), (5) and (6) in Definition 116. II we have 

(b) x{f,9){a<»x) = ^x("i,"^j)® ^*® yj- 

for Ui , TTij : Z ^ Z. For any n e Z we consider the homomorphism /z„ : Z — > 

(ci, . . . , C|„|)„i; defined by ^„(1) = ci H h C|„| if n > 0, Ain(l) = -ci C|„| 

if n < 0, and /in(l) = if n = 0. By (b) given n, to G Z we have that 

\n\ \rn\ 

(c) x(M«,Mm) = ^^x{'^{n),e{m)) ®Ci®Cj. 

i=l 3 = 1 

Here e sends a positive integer to 1, a negative integer to —1, and zero to itself. 
Now, again by Definition ll6.1l f6). we have that x("-i "t-) is the sum of all coefficients 
in (c), i. e. 

x{n,m) — \nm\ xi^in) , e{m)) G $(Z). 

But by Definition ll6.1l (I) and (2) the element x(e("-), e(?Ti)) G <I>(Z) is zero unless 
n, 771 < 0, hence we are done. D 

Lemma 16.9. There is a commutative diagram 

G(-®Z/2)C >G(®') 




Proof. Both vertical homomorphisms send an element x in the corresponding G- 
group to 

X(-1, -1) e Z (g) Z/2 = g)^Z = Z/2. 

The isomorphism is proved in the previous lemma. D 
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The following theorem is a key step towards the proof of Theorem 6.1. It is 
connected to relation (7) in the definition of the tensor product for square groups, 
see Definition 12. II 

Theorem 16.10. K = ctT(§(1 (g) T(§ (g) 1){H ® TH) e G(«)^). 

Proof. By Proposition ll().5l and Lemma [16. 91 we only have to check that 

CTT^(1 r^ 1)(^(-1) ® TH{-1)) = K{v, v) 

for v. S^ ^r S^ : z ^^ z^^ the complex inversion. It is easy to see from the very 
definition of H that 

CTT®(1 (g T^ (g l)(i?(-l) ® TH{-1)) = 1 e Z/2, 
hence this theorem follows from Lemma 117.31 below. D 

The next theorem is the main step in the proof of the commutativity rule for 
the smash product operation in Theorem l7.3l 

Theorem 16.11. L„,™ = -a{'^^'^f"^)H{#) e G((g)^), n,m>l. 

Proof. By Proposition 1 1 6 . 71 and Lemma [16. 91 we only have to check that 

-^(^^ 2 JH((-l)#(-l)) = L(^,z.) 

for i'-. S^ ^ S^ : z ^^ z^^ the complex inversion. But (— 1)#(— 1) = 1 and H{\) = 
(2) = 0, hence this theorem follows from Lemma [17.41 below. D 

17. HOPF INVARIANTS OF TRACKS BETWEEN ORTHOGONAL TRANSFORMATIONS 

In this section we are concerned with the computation of Hopf invariants for 
tracks between self maps of spheres S*", n > 2. More concretely, we are interested 
in tracks between maps A: S" -^ S*" which are induced by the left action of the 
orthogonal group 0{n) on S", i. e. A g 0{n). The pull-back of this action along 
the inclusion Sym(n) C 0{n) induced by permutation of coordinates in R" yields 
the action of 5" already considered in Sectional Let det: 0{n) -^ {±1} be the 
determinant homomorphism. We consider the group {±1} embedded in 0{n) as 

/ 1 \ 



\0 ±1) 

In jBM 05a" 6 we compute the group 0{n) of tracks A => det A, A £ 0{n), with 
multiplication given by horizontal composition. Notice that tracks A ^ B between 
maps A,B: S*" -^ S*" with A,Be 0{n) coincide with homotopy classes of paths 
from A to i? in the Lie group 0(n) since the J-homomorphism TTiO{n) = iTn+iS 
is an isomorphism for n > 2. We can identify the group 0(2) with the semidirect 
product {±1} K M. Here M is the additive group of real numbers and {±1} is the 
multiplicative group of order 2 acting on M by multiplication. See |BM05b| 6.12. 

In order to describe 0{n) for n > 3 we need to recall the definition of the positive 
Clifford algebra. 
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Definition 17.1. The positive Clifford algebra C+{n) is the unital K-algebra gen- 
erated by Ci, 1 < i < 7i, with relations 

(1) ef = 1 for 1 < i < n, 

(2) eiCj = —ejCi for 1 <i < j <n. 

ChfFord algebras are defined for arbitrary quadratic forms on finite-dimensional 
vector spaces, see for instance jBtD85j 6.1. The Clifford algebra defined above 
corresponds to the quadratic form of the standard positive-definite scalar product 
in R". We identify the sphere S"""^ with the vectors of Euclidean norm 1 in the 
vector subspace R" C C+{n) spanned by the generators e^. The vectors in S"^'^ 
are units in C+{n). Indeed for any v G S^~^ the square w^ = 1 is the unit element 
in C+{n)^ so that v~'^ = v. The group 0{n) can be identified with the subgroup 
of units in C+{n) generated by 5""^^. This group is also known as the positive pin 
group. 

The group 0{n) is a covering Lie group of 0{n) with simply connected com- 
ponents, and with kernel Z C M if ?i = 2 and {±1} if n > 3. The covering 
homomorphism 

q:d{n)^0[n), 

is defined for n = 2 as 

cos 27r2/ — sin 2'Ky 



q(x, u) — 1 . „ „ 

^ ' \ xsmzny xcos2T:y 

For n > 3 the homomorphism q sends an element v £ 5"^^ C 0(n) C C+(n) to 
the matrix of the refiexion along the plane orthogonal to the unit vector v. An 
element x £ 0{n) is identified with the track q{x) =^ detq{x) determined by the 
push- forward along q of the unique track in 0{n) from the point x to the point 

/dot <,(x)\ 

e„ ^ if n > 3, or from x to (det q{x), 0) ii n — 2. With the track approach the 
covering map q sends a track to the source map. Moreover, a track a: Ign => Is" 
in the kernel of q is identified with (1, —Hopf{a)) for n — 2, compare |BM05bj 3.4, 
and with Hopf{a) G Z/2 ^ {±1} for n > 3. 

The suspension of tracks defines group inclusions 

E: d{n) ^ d{n + l). 

For n > 3 this is induced by the algebra inclusion C+{n) ^-> C+{n + 1) defined by 
Bj t—^ Cj+i, 1 < j < n. For n = 2 it is given by 

(17.2) {x,y) H-+ e^ ' ^((sin7ry)e2 + (cos7ry)e3). 

For K in l|16.4(l ane v. S^ -^ S^ : z i-^ z~^ we have the following result. 
Lemma 17.3. K{y,v) = 1. 

Proof. We are going to prove the following stronger equality: 
(a) Hopf{{B§;,.)^Dm*^) = 1. 

From the very definition of H wc obtain the following identity in 0(2). 

mil. AS') = (i,i). 
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Since {ly A S^)M is the inverse of M{iy A S^) then 

Obviously the identity track O^^, : Si/ =^ Y,v is (—1,0) in 0(2). By using these 
equalities we obtain 

(H#jB = 0°,(H(^A5i))0°,((^A5i)H) 
= (-l,0)(l,i)(-l,0)(l,-i) 

= (1,4), 

(h|,)B = (H(;.A5i))0°,((i.A^i)H)0°, 
= (l,i)(-i,0)(l,-i)(-l,0) 

- (4)- 

Let /3: I52 ^ 1^2 be a track with Hopf{(3) = 1, so that (3 = (1,-1) in 0(2). 
Equation (a) is equivalent to the following equation in 0(2), 

(e#jH = (Hf.)B/3, 

which follows from the equalities above. D 



For Ln.m in l|16.6|l we have the following result. 
Lemma 17.4. Ln,m{v^ v) —Q, n,m> 1. 
Proof. We showed in the proof of Lemma Fl 7 . 31 that in 0(2) 
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For n = m = 1 we can take fi,i = (—1, —\)- Then in 0{2) 
fi,i(H# )H = 



(Hf.)^fi,i 



1 Ix 

-1,-4), 
l,2)(-l-i) 

-1-2-4) 

-I'-i)- 
This shows that Li_i{i', v) = 0. 

Suppose now that n > 1 or to > 1 . By using formula (|17.2() one can easily check 
that for any fc > 1 

md{k + 2). 

For any fc > 1 the shuffle permutation Ti^k-i can be decomposed as 



-i,-4)(i,-2; 



n,fc-i 



(fcfc~l)...(2 1), 



hence for fixed p, g > withp + fc + g > 2 we can lift S'^Ati fc_i AS"' to 0{p + k + q) 

by 



1 



n.fc-i 



2 — 



^^(Cp+fc — Cp+fc-i) • • • (ep+2 — Gp+i), 



and its inverse in 0{p + k + q) is 

1 



Tfc-1,1 — -T^(ep+2 - gp+i) • • • (cp+fe - ep+fc_i). 
2 2 

By using these equalities we obtain 

'^ = (5"-iAT„_iaASi)(I]"+"-2(H#jB)(S"-iAri,„_iASi) 



n.y.m.u ! 



,i(S-+-^(MfjS)fi^,,,_i 



— Om— 1 v'-^''^+l ^nj ' ■ ■ l,6n+?n — 1 ^n+Tn — 2 J^n+m— l^n+m 

— On— 1 V^'^'^''+l ^rnj ' ' ' \^n-\-rii—l ^n~\-'m — 2 )Gn-\-m€-n-\-m—l 

V^n+rn— 1 ^n+m— 2/ ' ' ' v^m+1 ^m)- 

For j > i we have the following useful identities. 
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(b) e^{eJ~e^)^-{ej-ei)ej, 

(c) (e, - e,)' = 2. 

By using (a), (b), (c), and the formulas above one can easily check that 

The identity Tn^m = Tf „^^_]^ holds, therefore we can also take f„.„i — ff „^,„_]^. 
With this choice it is not difficult to compute that 

in 0{n + m). For this one uses (a) and (b). This last equation is equivalent to 

18. Properties of the smash product in dimensions > 1 

Restricting to dimensions > 1 in this section we show a series of properties of the 
smash product operation for secondary homotopy groups in Definition 114.31 which 
imply Theorems l7.1l[T!^l7.3l and l8.13l within this range. The case of dimension is 
a consequence of the fact that secondary homotopy groups arc track functors and 
of the first technical lemma in the next section. 

In this section we will work with the track category Top*. This track category 
has a strict zero object so that the zero morphism : X — > y is always defined 
for a pair of pointed spaces. In this situation the golden rule says that 

,„ , The composition of a trivial map with a any track F is always a 

^ ' trivial track OF == 0° , i^O = 0° . 

This is an obvious but crucial property that will be very useful for computations. 

Let n, TO > 1 and < i, j, i + j < 1. 

We need to show that the square group morphisms 1)14.5(1 are well defined. There 
is nothing to check in case i = j' = 0. For i + j = 1 we define operations 

(18.1) A, A: 7r„,,X x tt^jF -^ n„+„,.i(X A Y) 

as in Definition 114.31 For this we need to choose g more carefully in certain cases. 
For example, in order to define g A [/, F] and g/\[f, F] when n ~ \ and i = we 
need to take g in such a way that (7rig)(l) = g ^ (flX). 

It is not completely immediate that the operations A and A do not depend 
on choices. We check here for instance that g A [/, F] does not depend on the 
choice of g, f and F. Let g', f and F' be another choice. Then there are tracks 
Nx : E"~ig' ^ S^^^g and N^ : S™"!/' ^ I]™-i/ with trivial Hopf invariant such 
that F' = FVAievN-i). One can now use Lemmas ll5.1l[T!OI and ll5.2l together with 
the golden rule to show that, up to a permutation in the spherical coordinates, the 
track S(iVi#iV2): S"+™-i(g'#/') ^ S"+'"-i(g#/) is a track with trivial Hopf 
invariant which determines the desired equality. 

In the next lemma we establish the fundamental properties of H18.1|l . 

Lemma 18.2. (1) The operation A is left linear 

{x + y)A[f,F] = xA[f,F]+yA[f,F], 
{[f,F] + [g,G])Ax = [f,F]Ax+[g,G]Ax. 
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(2) The operation A is right linear 

[f,F]Aix + y) = [f,F]/yx+[f,F]/\y, 
xAi[f,F] + [g,G]) = xA[f,F]+x/\[g,G]. 

(3) For m > 2, i = and j = 1, given a € (X)^Z[r2™y] the equality x A P(a) = 
P((g)2Z[A])(l (g) T0 (g) l)(A(a::) (g) a) holds. 

(4) For m > 2, i = 1 and j = 0, given a € (g)2Z[f]™y] the equality [/, F] A 
dP{a) = P((g2z[A])(l (g T^ (g) 1)(A5[/, F] (g a) holds. 

(5) For n > 2, i = 1 and j — 0, given a G g)^Z[Sl"X] the equality P(a)/\x = 
P((g^Z[A])(l (g T,^ (g l)(a (g A(a;)) holds. 

(6) For n > 2, i = and j = 1, given a € (^'^'Z,[fl"X] the following equality 
holds 

dP{a)A[f, F] ^ P{®''Z[A]){1 (g t^ ® l)(a ® Aa[/, F]). 

(7) If m = 1, i = and j = 1, the following equality holds 

g A (-[/, F] + [/, FY) = F(®2z[A])(l ®t^® l)(A(g) ® {x} ® {d[f, F]}). 

(8) For n = \, i = 1 and j = 0, the following equality holds 

(-[/, F] + [/, F]-)Ag = F(®2Z[A])(1 ® r^ ® l)({a;} ® {9[/, F]} ® A(5)). 

(9) T/ieeguaZ%gA[/,F]-5A[/,F]=P((g2z[A])(l(gT^(gl)(i?((7)(griJa[/,F]) 
holds. 

(10) T/ie eguaZ% [/, F]Ag-[/, F]A.g = P((g2Z[A])(lg)T^g)l)(i/a[/, F]«)ri7(5)) 
holds. 

(11) T/ie eguaZities (a[/, F]) A [5, G] = [/, F] A (5[g,G]) and (a[/, F])ALg, G] = 
[f,F]A{d[g,G])hold. 

Proof. Let us check the first equation in (1). 

xA[f,F]+vA[f,F] = [(I]A)(S#/,y#/)Ai, 

((xe.AF)n(et;(S"+'"A)H#^„^^), 
(ye. A F)n(e«(E"+'"A)H#^ „_^))Ai] 
[Tni(3)and(GR) = [(SA)((x, y)#/)^, 

((xe.AF)n(e^;(S"+™A)H#,_„^^), 
(ye. A F)n(ez;(S"+"A)H#,^„^^))H#^,„,i^^J 
[10(7) = [(EA)(((x,y)A.)#/), 

((Se. A F, ye. A F)(E"- V A 5"))n 
(e«(S"+"A)(<,_„,,H#-_„_,)H#^_^,i^J] 
1111(3) and (7) = [(I]A)(((x, y)A*)#/), 

(((x,y)M)e. A F)n(e^;(S"+™A)<(,__)^_^_p] 
= (.T + y)A[/,F]. 

The second equation in (1) and the equations in (2) are analogous. 
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In order to check equation (3) we notice that x A P{a) is represented by the 
foUowing diagram 



S' 




'7i~\'7n 



S"+™-l(2#/) 



f ^ Q."- X An"^Y S^^^' 



-4 5" 



n+ra 

XAY ev 



-^X AY 



where F: S/ => is any track with Hopf{F) — —T^{a). Here we use claim (*) in 
the proof of |BM05aj 4.9. By Lemmas [TO (1). [T!0 (2) and the golden rule this 
diagram coincides with 



S' 



'7i-\-7n 




y \ / Q7l-{-7: 



^S' 



XAF ev 



X AY 



S"+"-l(S#/) S" + "A 

Now one can use Lemmas 115. II f2) and ll5.2l to check that 

77op/(S((S"-ix)#(S'"-2^))) = -(TT^(1 (g,T^^ l)(A(x) (g> a), 

hence (3) follows form claim (*) in the proof of jBM05aj 4.9. Equation (5) is 
analogous. Equations (7) and (8) are unstable versions of (3) and (5). We leave 
them to the reader. 

Both sides of the first equation in (11) are represented by 





S' 



'7i-\-7n 




s"+"-i(s#/) 



X/\Y ev 



^X AY 



In order to check this fact one only needs to use the golden rule. Similarly for the 
second equation in (11). Now (4) and (6) follow from (3), (5) and (11). 

Finally (9) and (10) follow from Theorem 116. 101 Lemma [15.21 and claim (*) in 
the proof of |iJMOSa| 4.9. D 

The equalities in Lemma 118.21 can be used to check the following properties of 
the operations H18.1|l . 

Lemma 18.3. (1) For n — 1 and i = the elements g A [/, F] and gA[f, F] 

only depend on g (£ IIi^o^- 

(2) For m — 1 and j — the elements [/, F] A g and [/, F]/\g only depend on 

9 e liifiY. 

(3) For TO = 2 and j = 1 the elements g A [/, F] and gA[f, F] only depend on 

[f,F]eU2,iX. 
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(4) For n ~ 2 and i = I the elements [/, F] /\ g and [/, F]/\g only depend on 

[f,F] en2,iX. 

Lemma 118.31 allows us to define the following operations when m = j = I or 
n = i = 1. 

A, A: n„,o^ X (ni,iY x (®'z[r!r])) -^ n„+i,i(X A Y), 
(18.4) 

A, A : (ni^iX x ((^'z[r!X])) x n„,ol^ -^ Iii+m,i{X A Y), 
by the formulas 

gAi[f,F],a) = g A[f, F] + P{®''Z[A]){1 ® t^ ® l){A{g) ® a), 
9A{[.f.F],a) = gA[f,F]+Pi(g>^Z[A])il(g>T^(g>l)i{g}(g>{g}(g>a), 
{[f,F],a)Ag = [f,F]Ag + P{(g>''Z[A]){l®T^®l){a®{g}®{g}), 
i[f,F],a)Ag = [/, F]Ag + P(®2z[A])(1 ® r^ ® l)(a ® A(g)). 
By using Lemma ri8.2l one can check the following one. 

Lemma 18.5. (1) For m — j = 1 the elements g A ([/, F], a) and g/\{[f, F], a) 

only depend on ([/, _F],a) e HiiK 
(2) For n ^ i ^ I the elements ([/, F],a) A g and ([/, F], a)Ag only depend on 
{[f,F],a)eU,,iX. 

Moreover, one can extend all properties (l)-(6) and (9)-(ll) in Lemma [18.21 to 
the operations in (|18.4() . The explicit statement is left to the reader. 

In order to prove the following Lemma one uses Lemma ri3.2l fll') and (12). We 
leave the details as an exercise. 

Lemma 18.6. The following associativity rules for the operations HS.1\I hold. 

(1) 5A(g'A[/,F]) = (5#5')A[/,F], 

(2) gAi[f,F]Ag')^igA[f,F])Ag', 

(3) [f,F]AigW)^i[f,F]Ag)Ag', 

(4) 9A{9'A[f,F]) = {g±g')A[f,F], 

(5) gAi[f,F]A3')^{gA[f,F])Ag', 

(6) [f,F]Aig±g')^{[f,F]Ag)Ag'. 

One can accordingly obtain associativity properties involving also the operations 
in ifUni . 

Recall that Tn.m'- Tn^n ^ {')n+m ^ Syuip (ri + m) is a track from the shuffle 
permutation in ]<j.b\i to its sign, and r^ is the symmetry isomorphism for the smash 
product of pointed spaces. In the following lemma we establish the commutativity 
rule for the operations H18.1(l . One can similarly state the commutativity rules for 

Lemma 18.7. Given two pointed spaces X , Y , [/, F] G n„.iX, and g € Ilm.o^ we 
have the equalities 

(1) (.9Aa[/,F],f„,™) = -{Tr,U[f,F]Ag) + ((-1)"")*(5A[/, F]), 

(2) (.9Aa[/,F],f„,™) = -(TA)*([/,F]Ag) + ((-l)"")*(5A[/,F]). 
Moreover if g & n„^o-'^ o-'^'d [f,F] G IVm,!^ 

(3) (5[/,i^]Aff,f„,™) - -(r;^).(5 A [/,F]) + ((-1)"™)*([/, i^lAg), 

(4) (5[/,J^]A5,f„,™) = -(TA)*(5A[/,F]) + ((-l)"™)*([/,F]Ag). 
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Proof. Here we prove (1). The other equations are analogous. 
The foUowing diagram of pointed sets is commutative. 



r2"XAf7™y- 



> r2"+™(x A Y) 

T* 

r2™r A ^"x ^^ r2'"+»(r a x) ^^ r2"+™(r a x) 

Therefore using the definition of induced morphisms for secondary homotopy groups 
in |BMn5aj 4.2 we have 

iT^U[f,F]Ag) = [(I]r!"+™r^)(SA)(/#g), 

= [(Sr;„J(SA)(ET^)(/#5), 

(MF A g«,))n(TAe«(S"+'"A)H#^_,^_^))] 
ei - [(Sr;„J(SA)(.g#/), 

(rA(i^ A g,.))n(ez;(S"+'"A)(r„,„ A Ta)</_„,,))] 

= (a). 



On the other hand using claim (*) in the proof of |BM05a| 4.9, if 

Q: (I]"+"A)((.)i+r" ArA)(E"+'"-i(/#.9)) ^ (S"+™A)(I]"+"-i(g#/))(.)i+r 
is a track with 

HopfiQ) = -aT^r > ]HigAd[f,F]) 

then 



((-1)"™)*(.9A[/,F]) - [((•)(-^)"'"Af^'"+"(rAX))(SA)(5#/), 

((5e.AF)(.)L"_;r) 

n(et;(S™+" A)H^^- „ /.)L"+r )n(ef Q)] 
(GR) - [((•)(^^)'""Af}™+"(rAX))(SA)(.g#/), 
((5e„ A F)t„,„i) 

n(et.(S™+"A)H£,^^„^/B„jn(e« Q)] 
(Theorem Unm = [((O^^^^"'" A f7"'+"(r A X))(SA)(.g#/), 

(ta(F a ge.))n(ex'(S"+"A)(fB,„ A rA)H#^ ,„.-)] 
= (b). 
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Finally given a map e: S^ ^ S^ W S^ with (7rie)„.a(l) — ~a + 6 G {a,b)nii and a 
track iV: (1, l)(I]"+™-i£) ^ with ll^iN) ^ 

-(a) + (b) = [((Sr;„J(SA)(.g#/), {{■)(-^r- ^ f^'^+'X^' A X)(EA)(g#/))e, 

(fH„Ar^)H#^_^_^)(S"+™£))] 
= [((S<.„J(SA)(.9#/), {{■)(-^r- A f7™+«(y A X)(SA)(.g#/))e, 

(T4^Age.)(l,l)(S"+™s)) 

n(et;(S"+™A)(fB,„ A r^)<^„^^)(l, l)(E"+'"e)) 

n(ei;(S"+™A)((f„,,„ A r^)(E"+"-i(/#g)), 

((•)i+r'" A r^)(E"+"-i(/#g)))(E"+™£))] 
ei = [((Sr;„)(SA)(.9#/),((.)(-^)""Af7™+"(yAX)(EA)(g#/)K 

(((T^(FAge.)) 

n(et.(S"+™A)(fB,„ A r^)</,„,,))(l, l)(S"+™e)) 

n(et;(S"+™A)((f„^,„ A n"'Y A f^"X)(I]"+™-i(g#/)), 

((•)i+r" A n"^Y A f]"X)(S"+"-i(.9#/)))(E"+™£))] 
(GR) = [((Sr;„J(SA)(.g#/),((.)(-^)"'" Af7™+"(yAX))(EA)(g#/))£, 

(((TA(FAge.)) 

n(et;(S"+™A)(fB,„ A r^)Mtj^,^J)N) 

n(et;(S"+™A)((f„^,„ A r!"r a f7"X)(I]"+'"-i(g#/)), 

((•)i+ir A r!"y A f]"X)(S"+"-i(.9#/)))(S"+"£))] 
(GR), in = [((Sr;„J(SA)(g#/), ((O^-i)"" A f7™+"(F A X))(EA)(.g#/))e, 
(ez;(S"+'"A)(S'"+'"-i A (.)(-!)"'" A ^"F A fl^'X) 
(S"+™-i(.9#/))7V) 
n(et;(S"+™A)((f„^,„ A n'^Y A f7"X)(E"+'"-i(g#/)), 

((•)i+r" A r!"y A f]"X)(S"+'"-i(.9#/)))(E"+™£))] 
= (5A9[/,F],f„^,„) 
Here we use the definition of the bracket operation ( — , — ) in |BM05bj 4.5. D 

Finally we prove the compatibility of the smash product operation with the 
action of the symmetric track group. 

Lemma 18.8. Let f G Iln.oX and g e n,„,o^- Given a G Sying(rn) and 7 G 
Sym[;](n) with S{a) = a and d{^) = 7 the following equalities hold. 

(/A5,^"A<T>=/A(.9,a) 
^'> +P(02Z[A])(1 ® r« l){H{f) <» {-a*g + {s\gn o)* g\a* g) h) , 
..^ (/A5, f-^CS™ A 7)f„,™) = (/, 7)A5 
^^^ +P(§52Z[A])(1 ® T« ® 1)((-^*/ + (signa)*/|fT*/)H ® H{g)). 
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Proof. Equation (2) follows from (1), Lemma [18.71 and the laws of a sign group 
action. Let us prove (1). By Lemma [13.21 (1). (2), (5), (6), (8) and (9), given 
e : S'l -> 51 V S"! with (Tne)™, (1) = -a + be{a, b)mi 



]nr# _ _ 

H-, , , = (H-, VH-, )(I]"+"-i£). 

n,j ,m.{g\/g)£ ^ 7i,j.m,g n,j,m,g^^ ' 



Now one can use Theorem ll6.10l Lemma [15.21 and the elementary properties of the 
Hopf invariant for tracks in jBMOSaj 3.6 to check that any track Q from 



(E"+'"(n"X A <J*), (O'J?.!" A n"X A n'"F)((E"+™-V"#3) V (E"+'"-V"#5))(S"+'""'£) 



to 



S"+"-'(/#((S^*, (O"^"'^ A ^^Y){g V g)e)) 



ith 



ilovf{Q) = -CTT«(1 ®T^® l)iHif) ® (-(7*5 + (sign(T)*ff|o-*5)H), 



satisfies 



I* - no 

'.,,/,m,(Eo-*,(-)"'5"''An'"y)(aVs)e ^ 



(E"+'"(n"XA(j*),(-)!;f;n An"XAJ7'"y)(e*. -ve*,- _)(E' 



e) 



Then given iV: (l,l)(S]™-ie) ^ with Hopf{N) = 0, by using claim (*) in the 
proof of ^BMn5a) 4.9 and the definition of the bracket (-, -) in ^BM05b) 4.5, the 
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right hand side of equation ( 1 ) is 

[(I]A)(S(f^"X A a*), i-r'^^- A n^X A r!™y)((/#5) V (/#g))£, 

ifev A (ef((-)?l^"" A f]™y)(I]™-ig)iV)) 

n(/e„ A (ez;(a A r!™r,0° ^.,_^^„^)((S™-i5) V (I]™-ig))(E'"-ie))) 

n(ei;(i]"+™A)(s"+™(r2"x A cr*), (O^+m A f7"x A r2™y) 

(B* , _ V H# . _)(I]"+™-ie))l = 

[(I]A)(S(f]"X A a*), (O^'g'^^ A f]"X A f]™y)((/#5) V (/#ff))£, 
(ei;(S"+'"A)((-)^+l" A f7"X A r2™y)(S"^V A I]™-ig)(S"Ar)) 
n(ei;(E"+'"A)(5" A a A r!"X A r!"r, 0° .,_^^„^^^„y) 

((I;"-Va S"-\g) V (S"-i/A S"-i5))(S"+"-ie)) 
n(ei;(I]"+™A)(S"+™(fi"X A cr*), (O^+m A f7"X A rj™y) 
m* , VH#, )(I]"+™-ie))l = 

^ n,j.m,g n.j ^ra,g' ^ ^ ^ ^ _ _ 

[(EA)(S(r!"X A a*), (O^'^n^ ^ f^«^ /^ ^-^Y){{f#g) V (/#ff))e, 
(ew (I]"+"A)((-)'Xr A f2"X A f]'"y)(S"-i/ A S™-ig)(E"A^)) 
n(ei;(E"+™A)(5" A <t A r!"X A r!"r, 0° .,„^.^^„^^^„^) 

(H#, VH#, )(E"+™-ie))l = 

^ n,j,m,g n,j ^m,g' ^ ^ ^ ^ _ _ 

[(EA)(I](fi"X A a*), (O^'sna /\ ^n^ ^ n"^Y){{J#-g) V (/#ff))e, 
(ez;(I]"+™A)((.):f™ A n^X A f]™y)(H#^-^ _)(S"iV)) 
n(et;(E"+™A)(5" A a A r!"X A ri^F, 0° .,„.^^„^^^„^) 

((S"+'"-H/#3)) V (E"+™-i(/#5)))(S"+"" i£))] = 
[(SA)(S(r!"X A a*), (O^'g"- A f)"X A f)™y)((/#5) V (/#g))e, 
(e?;(S"+"'A)((-)'„'5,l"' A f7"X A f]'"y)(S"+™-i(/#.9))(E"Ar)) 
n(ez;(E«+™A)(5" AaA^^XA n^Y, 0° .,„.^^„^^^„^) 

((S"+'"-'(/#ff)) V (E"+™-i(/#5)))(S"+™" i£))] = 
(/A5,5"Aa) 

Here we essentially use the golden rule, concretely for the fourth equation. D 



19. The smash product in dimension 

The first lemma in this section implies that the smash product operation in 
Definition 114.31 is well defined when dimension is involved and Theorems 17. II 17!^ 
17.31 and 18.131 are satisfied also in this case. 

Recall that qpm is a track category. Therefore the morphism set HomqpmCC*, D) 
in qpm is indeed a groupoid. This groupoid is pointed by the zero morphism. If 
G]j is a sign group acting on C and D we can consider the full pointed subgroupoid 
of Gg-equi variant morphisms 

Homcn (C, D) C Homqp^(C, D). 

If Go is the trivial sign group then this inclusion is always an equality. 

A pointed groupoid G gives rise to a stable quadratic module Ad3Ad2AdiG, 
compare Remark 16.131 The low-dimensional group of this stable quadratic module 
is the free group of nilpotency class 2 on the pointed set of objects, therefore if we 
define H as in ()3.6|l we obtain a quadratic pair module G which corresponds to 
Ad3Ad2AdiG by the forgetful functor in Remark [T31 Compare pM05b^ 1.15. 
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Lemma 19.1. Let C,D be quadratic pair modules endowed with an action of the 
sign group Gq, let G be a groupoid, and let 

(^:G^HomGn(C,D) 

be a pointed groupoid morphism. Suppose that C is 0-good. Then there is a well- 
defined quadratic pair module morphism 

ip: GqC — > D 

given by 

^i{g®x) = ip{g){x), 
where g is an object in G and x Cz Ci for some i € {0, 1}, or g is a morphism in 
G, X € Co and i = 1; and by 

Vee{{g\g')H <» {x\x')h) - {^{g){x)\^{g'){x')) H , 

for g,g' objects in G and x,x' € Cq. This morphism is G\j-equivariant. 

The proof of the lemma is technical but straightforward. The reader can also 
check that he construction is natural in G, G\j, G and D. 

Finally we show how Lemma l^TSI can be used to obtain the tracks in qpm induced 
by the additive secondary homotopy groups from the smash product operation. For 
this we notice that there is a unique morphism in qpm from the interval quadratic 
pair module I in Section [S] to Ho,* of the interval /+, 

v. I — > no,*/+, 

sending ik eIq, k — 0, 1, to the map i^ : S''^ ^ /+ G no,o-^+ corresponding to the 
inclusion of fc e / = [0, 1]. 

Lemma 19.2. Given a track F: f ^ g between maps f,g: X ^Y represented by 
a homotopy F : I^ A X ^ Y the composite 

1 n„,*x ^ no.,/+ n„,,x -^ n„,,(/+ a x) "^^ n„,,y 

corresponds by Lemma \5.3\ to the track IIn,*F: Iln,*f ^ ^n,*g "in qpni; n > 0. 

This lemma follows easily from the definition of the smash product operation for 
secondary homotopy groups. 

Appendix A. Monoidal structures for graded quadratic pair modules 

AND SYMMETRIC SEQUENCES 

Let M be any additive monoid. The tensor product of two M-graded quadratic 
pair modules D, E is defined as usually 

{D&E)„= y DpQEq. 

p+q=n 

However since the tensor product of quadratic pair modules does not preserve co- 
products this does not define a monoidal structure on qpm*^. For this we need to 
restrict to a subcategory of quadratic pair modules where the tensor produc pre- 
serves coproducts. Below we check that the full subcategory of 0-good quadratic 
pair modules, already introduced in Definition 11.31 is suitable. 

The class of good square groups is closed under tensor products and coproducts, 
see |BJP05j Definition 2 and Section 5.6. The class of 0-good quadratic pair modules 
is therefore closed under tensor products and coproducts as well. We show in 
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Corollary I A. 61 below that the tensor product of 0-good quadratic pau modules is 
well-behaved with respect to coproducts. As a consequence we obtain the following 
result. 

Proposition A.l. The category qprriQ of M -graded 0-good quadratic pair modules 
is a monoidal category. 

The tensor product of symmetric sequences X, Y in qpmQ''^™^ is similarly well 
defined by the formula 

{X r)„ = Y {Xp Yq) 0A(Symn(p)x Symaiq)) M^Y^ain))- 
p+q=n 

Here, as usually, if M and N are a right and a left module over a quadratic pair 
algebra R, respectively, then M Qn N denotes the coequalizer of the two multipli- 
cations M Q RQ N ^ M Q N. The left A{Symu{p)x SymQ(g))-module structure 
of ^(Sym[](n)) is given by the sign group morphism in Proposition 18. 71 Moreover, 
we use the characterization of sign group actions given by Lemma lS.lll and the fact 
that A is strict monoidal, see Proposition 18. 101 

Now we state the technical results of this appendix. For any abelian group B we 
define following |BJP05| the square group B® &s Bf = B, Bf^ = B®B, P ^ {1,1) 
and H = {^. Clearly (— )® defines a functor from abelian groups to square groups. 

Lemma A. 2. Given square groups L,M,N there is a natural push- out diagram 
(Coker Pl Coker Pm Coker Pl Coker Pn)'^^ > (L M) V {L Q N) 



(Coker Pl Coker Pl Coker Pm Coker Pn) 

(-h)ff(»lS 



(iOJM.iOijv) 



push 

{Lee Coker Pm Coker Pn)®'^ > L (M V N) 

Proof. The horizontal arrows are the monomorphisms in the exact sequences of 
square groups in |BJP05j Proposition 5 and 5.6. The compatibility of both se- 
quences proves that the square of the statement is indeed a push-out. D 

Corollary A. 3. If X is a good square group then the functor X Q — preserves 
coproducts. 

Proof. By Lemma IA.2I the functor X Q — preserves finite coproducts. Since the 
tensor product of square groups preserves always filtered colimits, see |BJP05| 
Proposition 4, then X Q — preserves indeed arbitrary coproducts. 

D 

Lemma A. 4. // d: C(i) ~> C(o) is a quadratic pair module such that C(o) — 
preserves coproducts then for any two quadratic pair module morphisms fi : Mi -^ 
Ni, i = 1,2, the natural morphism 

$((5 /i) V (a /2)) ^ $(9 (/i V /2)) 

in qpm is an epimorphism. Moreover it is an isomorphism provided fi are identity 
morphisms i — 1,2. 
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Proof. Since C(o) © — preserves coproducts the morphism is an isomorphism on the 
(O)-level. The reflection functor $ from pairs of square groups to quadratic pair 
modules is a left adjoint, so it preserves colimts. In particular by Lemma |A. 21 the 
first part of this lemma holds provided the natural morphism 
(a) 
A = $((CokerPc © Coker Pc © CokerPMi © CokerPAfJ^ ^ C\o) (iVi V N2)) 

I 
B = $((Cee © Coker Pmi © Coker PmJ® ^ C(o) (iVi V N2)) 

induced by (— |— )h: 0^ Coker Pc -^ Cee is surjective on the 1-level. On this level 
A and B are quotient groups, Ai = Ai/ ^, Bi = Pi/ ^^ of the abelian groups 

Ai = Coker Pc Coker Pc Coker Pmi Coker Pm^ ® D, 
Pi = Cee Coker Pmi Coker Pm2 ® D. 

and the morphism A ^ B is induced by (—\ — )h- 0^ Coker Pc — > Cee and the 
identity on D. Here D is the abelian group 

D = Cee® {{Ni)ee ® (A^2)ee ® Cokcr Pat^ Cokcr P^r^ © Cokcr Pat^ Coker PatJ. 

The relations ^ in Section^ and the definition of (— )® show that Ai and Pi are 
generated by image of Z?, and hence (a) is surjective on the 1-level. 

Now let fi = 1: Mi = Ni, i = 1,2. In order to check the second part of the 
statement it is enough to show that the morphism 

(b) 
A = $( (Coker Pc Coker Pc Coker PjVi Coker P^J® ^ C(o) © (A^i V iVz)) 

i 
$((C(i) © Ni) V (C(i) © N2) ^ C(o) © (A^i V N2)) 

given by the upper vertical arrow in Lemma I A . 21 factors through (a). Both (a) and 
(b) are the identity on the (O)-level, so it is enough to look at the (l)-level. The 
desired factorization is induced by the unique square group morphism 

(Cee Coker Pat, Coker PatJ® 

i 
$((C(o) © Ni) V (C(o) © N2) -> C(o) © (iVi V N2))i 

which coincides on the ee-level with the square group morphism 

(Cee Coker Pati Coker Pa^J® — > C(o) © (A^i V N2) 

given by the lower horizontal arrow in Lemma lA. 21 D 

Lemma A. 5. Let C be a quadratic pair module such that C(o) © — preserves co- 
products. Then C © — also preserves coproducts. 

Proof. Let us fisrt check that C © — preserves the coproduct of two qadratic pair 
modules D, E. The functor $ preserves colimits since it is a left adjoint. The tensor 
product of quadratic pair modules is defined by $ and the push-out construction 
(|4.2() in the category SG square groups which is also a push-out in the category 
Pair(SG) of pairs of square groups. Therefore it is enough to check that the natural 
morphism 

$((C(,) © D(,)) V (C(,) © P(,)) ^ C(o) © (D(o) V P(o))) 
(a) i 

$(C(,) © (Z?(,) V P(,)) ^ C(o) © (D^o) V P(o))) 
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is an isomorphism if i = or j = 0, and an epimorphism if i = j = I, and this 
folios from the previous lemma. 

Since the coproduct of two objects is preserved by C — then all finite co- 
products are preserved. Moreover, by |BJP05| Proposition 4 the tensor product of 
square groups preserves filtered colimits. Since <I> preserves colimits then the tensor 
product of quadratic pair modules also preserves filtered colimits, hence C — 
indeed preserves arbitrary coproducts. D 

Corollary A. 6. If C is a 0-good quadratic pair module then C Q — preserves 
coproducts. 
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